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Abstract
In applications such as audio denoising, music transcription, music remixing, and audio-

based forensics, it is desirable to decompose a single-channel recording into its respective

sources. One of the most promising and effective classes of methods to do so is based on

non-negative matrix factorization (NMF) and related probabilistic latent variable models

(PLVMs). Such techniques, however, typically perform poorly when no isolated training

data is given and offer no mechanism to improve upon unsatisfactory results.

To overcome these issues, we present a new interaction paradigm and separation algo-

rithm for single-channel source separation. The method works by allowing an end-user to

roughly paint on time-frequency displays of sound. The rough annotations are then used to

constrain, regularize, or otherwise inform an NMF/PLVM algorithm using the framework

of posterior regularization and to perform separation. The output estimates are presented

back to the user and the entire process is repeated in an interactive manner, until a desired

result is achieved.

To test the proposed method, we developed and released an open-source software project

embodying our approach, conducted user studies, and submitted separation results to a

community-based signal separation evaluation campaign. For a variety of real-world tasks,

we found that expert users of our proposed method can achieve state-of-the-art separation

quality according to standard evaluation metrics, and inexperienced users can achieve good

separation quality with minimal instruction. In addition, we show that our method can

perform well with or without isolated training data and is relatively insensitive to model

selection, thus improving upon past methods in a variety of ways.

Overall, these results demonstrate that our proposed approach is both a general and

powerful separation method and motivates further work on interactive approaches to source

separation. To download the application, code, and audio/video demonstrations, please see

http://ccrma.stanford.edu/˜njb/thesis.
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Chapter 1

Introduction

1.1 Motivation

Over the past several decades, there has been a large research interest in the problem of

single-channel sound source separation. Such work focuses on the task of separating a

single mixture recording into its respective sources and is motivated by the fact that real-

world sounds are inherently constructed by many individual sounds (e.g., human speakers,

musical instruments, background noise, etc.). While source separation is a difficult and ill-

defined mathematical problem, the topic is highly motivated by many outstanding problems

in audio signal processing and machine learning, including the following:

• Speech denoising and enhancement – the task of removing background noise (e.g.,

wind, babble, etc.) from recorded speech and improving speech intelligibility for

human listeners and/or automatic speech recognizers.

• Content-based analysis and processing – the task of extracting and/or processing

audio based on semantic properties of the recording such as tempo, rhythm, and/or

pitch.

• Music transcription – the task of notating an audio recording into a musical repre-

sentation such as a musical score, guitar tablature, or other symbolic notation.

• Audio-based forensics – the task of examining, comparing, and evaluating audio

1



CHAPTER 1. INTRODUCTION 2

recordings for scientific and/or legal matters.

• Audio restoration – the task of removing imperfections such as noise, hiss, pops, and

crackles from (typically old) audio recordings.

• Music remixing and content creation – the task of creating a new musical work by

manipulating the content of one or more previously existing recordings.

In this work, we are acutely interested in the application of music remixing and content

creation and wish to expand upon a recording engineer’s ability to manipulate recorded

sound. The modern day practice of music remixing and related compositional techniques

emerged from the musique concrète movement of the 1940s and 1950s [1] and, again in

the 1960s and 1970s from Jamaican dance hall music [2]. Since then, music remixing

has heavily influenced the development of disco, hip-hop, and pop music and has had far-

reaching consequences towards the aesthetic and artistic nature of music creation. To create

a remix, a composer will typically take a previously existing monophonic or stereophonic

mixture recording (e.g., pop song), select a subset of the material (e.g., drum break, bass

line, guitar solo, etc.), process the material (e.g., change the pitch, tempo, rhythm, etc.),

and mix the content together with new, alternative material.

This process, however, is severely limited by the fact that any selected subset of the ex-

isting recordings will be composed of a mixture of sound sources (e.g., drums, bass, guitar,

and vocals). That is, unless a sound source is soloed within the original recording or the

composer has access to the original source recordings of the given song, the creative pro-

cess is compromised. As a result, we are motivated to develop a source separation approach

for this application, which is general-purpose, of high-quality, can separate single-channel

and/or stereo-channel recordings, and is easily useable by recording engineers, musicians,

and similar end-users.

1.2 General Approaches to Source Separation

Given the above goal, we can first explore the many existing technical approaches to source

separation and analyze which are best suited to our needs. Popular methods include micro-

phone array processing [3], adaptive signal processing [4], independent component analysis
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[5], computational auditory scene analysis [6], sinusoidal modeling [7, 8], classical denois-

ing and enhancement [9, 10, 11, 12], and, more recently, non-negative matrix factorization

(NMF) [13, 14, 15, 16] and related probabilistic latent variable models (PLVMs) [17, 18].

Out of these, NMF/PLVM-based separation methods are among the most promising,

general-purpose, single-channel (and/or stereo-channel) separation techniques and are well

suited to our needs. These methods operate by modeling audio spectrogram data or equiv-

alently the magnitude of the short-time Fourier transform (STFT) of an audio recording

as a linear combination of prototypical spectral components over time. The prototypical

spectral content for each sound source is typically learned from data, used to estimate the

contribution of each source within an unknown mixture, and eventually perform separation.

In many cases, these methods can achieve good separation results by leveraging isolated

recordings of individual sound sources (training data) to learn individual source models and

then separate an unknown mixture of similar sounding sources using the trained models

[19]. When no training data is available, however, the methods are not useable without

further assumptions. In addition, even with training data, these techniques can be plagued

by a lack of separation, sound artifacts, musical noise, and other undesirable effects, and

offer little to no mechanism to improve upon unsatisfactory separation, limiting the general

usability of the methods.

As a result of these issues, a significant research effort has gone into improving

NMF/PLVM-based separation methods by incorporating additional information to inform

the separation process. Common methods of informed source separation include incor-

porating spatial information [20], temporal dynamics [21, 22], musical notation or score

information [23, 24, 25, 26, 27], and user-guidance [28, 29, 30, 31, 32, 33]. In this work,

we build upon past user-guided separation approaches and propose a closely related ap-

proach.

1.3 Proposed Approach

Our proposed method works by allowing end-users to perform single-channel source sepa-

ration by roughly painting on time-frequency visualizations of sound, as shown in Fig. 1.1

(Upper Middle). We then incorporate the painting annotations into an NMF/PLVM-based
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A time-frequency visualization of sound
(e.g. speech + cell phone ring).

Separate a mixture of sounds into its 
respective sources using painting tools.

Listen, view, and correct for 
errors in the output results.

The final separated sounds.

Separated cell phone ring.Separated speech.

Initial results.

Input mixture sound.

Figure 1.1: The proposed interactive source separation methodology. (Top) A time-
frequency display of sound depicting recorded speech mixed with a cell phone (horizontal
lines) ringing in the background. (Upper Middle) Using our proposed method, a user can
separate distinct sound sources by roughly painting on time-frequency displays. Color is
used to denote sound source and opacity is used as a confidence level. (Lower Middle)
Once separated, fine-tuning is performed by painting on intermediate separation output es-
timates. Painting on one output track at a particular point pushes the sound into the other
track(s) in an intelligent way. (Bottom) The final separated output recordings.

separation algorithm using the framework of posterior regularization [34, 35], perform an

initial separation, and allow a user to listen to the separated outputs, as shown in Fig. 1.1

(Lower Middle). If the results are unsatisfactory, the user can then annotate errors in the

output estimates or further annotate the input, and iteratively re-run the process in a quick,

interactive manner until a desired result is achieved, as shown in Fig. 1.1 (Bottom). This
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overarching approach encompasses both a new interaction paradigm and separation algo-

rithm, which are used in synchrony to iteratively achieve high-quality separation results

and together form an interactive approach to source separation.

For evaluation, we developed and released an open-source software project embodying

our approach, conducted user studies, and compared the separation quality of our work

against past methods. We also submitted separation results to a community-based source

separation evaluation campaign and achieved state-of-the-art separation quality according

to standard evaluation metrics for a variety of real-world tasks. In addition, we found that

our method can perform well with or without isolated training data and is relatively insensi-

tive to model selection. To download the developed software, source code, and audio/video

demonstrations, please see http://ccrma.stanford.edu/˜njb/thesis.

In the remainder of this chapter, we discuss related work on user-guided source sep-

aration and interactive machine learning in Section 1.4 and Section 1.5. We then discuss

the core contributions of this thesis in Section 1.6, followed by an outline of the remaining

chapters in Section 1.7, and a brief overview of the mathematical notation in Section 1.8.

1.4 User-Guided Source Separation

Research on user-guided source separation has grown significantly over the past five years

and includes multiple efforts to apply prior information to NMF/PLVM-based methods and

other source separation methods. Typically, the design process for user-guided separation

algorithms consists of two formal elements. First, the particular modality of user-input

must be decided. Popular forms of input include singing, humming, or other audio-based

data as well as graphical annotation-based input. Second, once the form of user-input is

decided, the algorithmic mechanism to incorporate the user-input into a new or existing

separation algorithm must be designed. This typically involves mapping the user-input into

some form of optimization constraint or regularization parameter, but it is highly dependent

on the separation method used.

Below, we discuss user-guidance in the context of NMF/PLVM-based separation meth-

ods in Section 1.4.1 and then discuss user-guided approaches that are used with alternative

separation methods in Section 1.4.2.

http://ccrma.stanford.edu/~njb/thesis


CHAPTER 1. INTRODUCTION 6

1.4.1 User-Guided NMF/PLVM-Based Separation Methods

When we discuss user-guided NMF/PLVM-based separation methods, we divide the user-

input methods into audio-based and graphical-based user-input.

In terms of audio-based input, we see one of the first examples of user-guided

NMF/PLVM-based separation in the work of Smaragdis and Mysore [28, 29]. In this case,

a user is employed to sing or hum an input query signal. The frequency content and timing

information of the query signal is then used to select or separate the query source from a

mixture. In closely related work, Fitzgerald [36] takes a similar approach, but extends the

user-guidance to handle multichannel signals. While an appealing and natural interaction,

such audio-based interaction is difficult to elicit in a precise manner, limiting separation

quality and motivating alternative approaches.

In terms of graphical annotation-based input, we note several interesting annotation

methods and corresponding separation algorithms. In the work of Wang and Plumbley [37],

human guidance and interaction is used to guide NMF without training data via listening to

and graphically grouping basis vectors. The grouped basis vectors are then used to better

reconstruct each sound source within a mixture.

In the work of Ozerov et al. [30, 38], a user is employed to annotate timing activations

of isolated sound sources from an input mixture recording to inform a separation algorithm.

The timing information is then applied in the form of hard equality constraints (zero values)

into an NMF-based model. Also of interest, Kirchhoff et al. use similar user-guided timing

information for the purpose of polyphonic music transcription [39].

The benefit of this type of interaction is that it is simple for a user to perform and

typically easy to implement. Unfortunately, if there is no training data available or there

are no isolated time regions within a given recording, different methods must be used. Also,

in many cases, simple timing information is not enough to improve the separation quality

to a suitable level.

Alternatively, Durrieu et al. [31] and Lefèvre et al. [32] discuss two different methods

that allow a user to annotate a time-frequency visualization of sound to improve separation

(the most similar to our proposed approach). Durrieu’s method employs an end-user to
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annotate the fundamental frequency of musical sources to improve results, while the lat-

ter method of Lefèvre allows a user to annotate binary time-frequency regions of different

sources in a spectrogram. Both methods are based on a form of non-negative matrix factor-

ization and can perform well, but also have certain limitations. In particular, for sounds that

do not have a fundamental frequency, the method of Durrieu et al. [31] becomes less use-

ful. Also, the method of Lefèvre was only developed for binary annotations and is oriented

towards gathering data to train an automatic, user-free system.

1.4.2 Alternative User-Guided Separation Methods

In addition to NMF/PLVM-based user-guided separation techniques, it is useful to discuss

other promising alternative approaches to user-guided separation. The most prominent

alternative approaches are those that allow user-guidance on time-frequency displays (e.g.,

paint brush, box selection, etc.) and use some alternative method of separation. This

past work includes AudioSculpt [40, 41], Audio Brush [42], SPEAR [43], and a host of

many related recent commercial audio editing tools, including Celemony’s Melodyne [44],

Sony’s Spectral Layers [45], Adobe Audition [46], and Izotope’s RX [47].

Typically, these approaches operate by having some form of spectral representation of

sound (e.g., STFT, phase vocoder, sinusoidal modeling, etc.). Then, a user is employed

to manually manipulate (typically) each time-frequency point of the representation, essen-

tially allowing a user to craft a custom time-varying filter to remove any unwanted sound

sources from a mixture. In many cases, however, this type of selection is tedious, needs to

be quite precise, and requires significant manual work, limiting the separation quality.

To combat this problem, some editors, such as SPEAR or Spectral Layers, provide

“smart” selection tools, which blend user-guidance with machine intelligence such as auto-

matically selecting sinusoidal peak tracks, harmonics, noise regions, etc. Others, including

Melodyne, Audition, and RX, seem to incorporate learning-like abilities to perform separa-

tion that adapts to user-input, albeit typically for specific problem cases such as polyphonic

pitch-based separation, denoising, or dereverberation. Unfortunately, many of the latter

approaches are proprietary and do not provide open access to their method of operation,

making comparison difficult.
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Even so, all such past work prompts important questions on how user-guidance can be

used to inform and improve separation algorithms. Questions include: What is the best and

most informative method of user-guidance for source separation? What is the best way to

algorithmically incorporate this guidance? Can simple user-guided approaches outperform

more complicated, fully automatic approaches? What is the limit on separation quality if a

user is willing to spend infinite time aiding a separation algorithm? Overall, this past work

sets the foundation of our proposed approach discussed in Chapter 3, in addition to our

discussion below on interactive machine learning.

1.5 Interactive Machine Learning

Interactive machine learning (IML) is an emerging research area that focuses on the inter-

section between human-computer interaction (HCI) and machine learning. IML has found

recent success across several domains and generally consists of researching and develop-

ing machine learning techniques from an end-users’ perspective [48]. In many cases, this

reduces to thinking about how end-users can 1) both create and deploy machine learning

algorithms as opposed to scientists and engineers, and 2) inform a learning algorithm in

some way to learn faster, learn more accurately, and/or learn tasks not previously possible

without user-interaction.

While challenging, an HCI approach to machine learning carries significant potential

and motivation. Firstly, by simply allowing end-users to both train and deploy algorithms

that learn, we give machine learning algorithms an orders-of-magnitude larger audience.

We also make them more useful in that end-users can arbitrarily define what concept or

task is to be learned for a given algorithm. Thirdly, in a user-interactive scenario, a learn-

ing algorithm can elicit more information from a user (e.g., feature-labeled training data)

compared to what is ordinarily provided in the standard machine learning scenario (i.e.,

class-labeled training data). With more information, it is then possible to train machine

learning algorithms to learn faster, learn more accurately, and/or learn tasks not previously

possible—all with the simple guidance of a human user.
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Early works citing success of IML include Fails and Olsen [48], who leverage user-

feedback for training image classifiers; and Cohn et al. [49], who leverage IML for docu-

ment clustering and scientific discovery. More recent works, which are also encouraging,

include Stumpf et al. [50], who discuss the idea of IML in a broad machine learning

context; Talbot et al. [51], who use an interactive visualization tool for training multiple

classifiers; Fogarty et al. [52], who leverage IML for image search; Fiebrink [53], who uses

IML for musical instrument design; Settles [54], who leverages IML for natural language

processing tasks in conjunction with active learning; and Amershi et al. [55], who leverage

IML for network alarm triage.

With this context in mind and a basic understanding of our proposed approach, it is

useful to consider our proposed interactive separation approach as a specific instance of

an IML algorithm. As such, note that our proposed approach to source separation benefits

from user-interaction in the same way general IML algorithms benefit. That is, we allow

end-users to both train and deploy a learning algorithm, making our method significantly

more useful and general compared to approaches without user-interaction. We also leverage

far more information than simple class-labeled training data in our separation algorithm

(i.e., user-feedback encoded as optimization constraints), allowing us to outperform past

approaches without user-interaction.

Given this background, we now outline the core contributions of this work, outline

background information in Chapter 2, and then continue this discussion in Chapter 3.

1.6 Contributions

The overall contribution of this thesis is a general-purpose, high-quality source separation

approach and algorithm that leverages interactive user-feedback to perform separation. The

specific contributions are:

• A new interaction paradigm for incorporating user-feedback into NMF/PLVM-based

separation algorithms by painting on time-frequency displays of sound,

• A new NMF/PLVM-based separation algorithm that incorporates painting-based user-

annotations, which allows separation with or without the use of isolated training data
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and is insensitive to model selection,

• Evaluation showing that expert users of our approach can achieve state-of-the-art

separation quality on a variety of real-world tasks,

• Evaluation showing that inexperienced users of our approach can achieve good sep-

aration quality with minimal instruction,

• An open-source, freely available, cross-platform software tool that embodies the in-

teraction paradigm and separation algorithm.

In addition to these outlined contributions, publications leading up to this thesis include:

• An extended abstract (workshop) publication of our initial approach [56],

• A conference publication outlining the core algorithmic and mathematical contribu-

tion [57],

• A conference publication outlining algorithmic extensions and additional geometric

interpretation [58],

• A conference publication outlining a modified algorithm applied to separating poly-

phonic instrumental music [59],

• Published separation results in the fourth signal separation evaluation campaign (SiSEC)

[60],

• An extended abstract (workshop and demonstration) publication on our open-source

software project [61],

• A conference paper on the developed software system and core human-computer

interaction contributions [62].

1.7 Outline

In Chapter 2, we begin our discussion by providing background and foundational infor-

mation related to non-negative matrix factorization and related probabilistic models. We
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outline similarities and (slight) differences between the two approaches and discuss how

they are used for the purpose of single-channel source separation.

In Chapter 3, we discuss our interactive approach to source separation, contributions

regarding interaction design, and the application of user-feedback for source separation

algorithms. We also describe goals of the work, analogies from contrasting domains, and

principles of design, including differences between user-guided and interactive approaches

to source separation.

In Chapter 4, we discuss how we leverage the proposed interaction design for the pur-

pose of informing an NMF/PLVM-based separation method. This chapter yields the ma-

jority of the mathematical contribution of this work and is the most technical in nature.

In Chapter 5, we discuss our open-source software project that embodies our interactive

approach to source separation.

In Chapter 6, we discuss evaluation of the proposed method, including results from ini-

tial experiments, user-testing, and the fourth signal separation evaluation campaign (SiSEC),

which show that the proposed method can achieve state-of-the-art separation quality.

Finally, in Chapter 7, we discuss conclusions and a variety of future work.

1.8 Notation

For a reference on all notation used throughout this thesis, please see Appendix 1.8. For a

limited overview, please see below.

1.8.1 Vector and Matrix Notation

In terms of linear algebra notation, we use lowercase symbols for scalars (e.g., a, b, c),

lowercase bold symbols for vectors (e.g., a,b, c), and uppercase bold symbols for matrices

and tensors (e.g., A,B,C). By default all vectors are column vectors. To denote a row

vector, we write xT, where T is a vector or matrix transpose.
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To index vectors, we use xi to index the ith element of a vector

x =


x1

x2
...

xN

 , (1.1)

xi to index the ith column vector of a matrix

X =

x1 x2 ... xN

 , (1.2)

xT
j to index the jth row vector of a matrix

X =


xT
1

xT
2
...

xT
M

 , (1.3)

Xij to index the element at the ith row and jth column of a matrix

X =


X11 X12 . . . X1N

X21 X22 . . . X2N

...
... · · · ...

XM1 XM2 . . . XMN

 , (1.4)

and Xijk to index a particular element of a three-dimensional tensor X.

We also denote I to be a square identity matrix, 1 to be a column vector or matrix of

ones, 0 to be a column vector or matrix of zeros, R as the set of all real-valued numbers,

R+ as the set of all non-negative valued numbers, C as the set of all complex-valued num-

bers, ∆n as an n-simplex or the set {(t0, . . . , tn) ∈ Rn+1|∑n
i=0 ti = 1, ti ≥ 0 ∀i}, � to
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be element-wise matrix or vector multiplication, / to be element-wise vector or matrix di-

vision, and ≥,≤, >,< to all be element-wise comparisons. Finally, if any vector or matrix

index should be outside the bounds of the corresponding vector or matrix dimensions, a

value of zero is returned.

1.8.2 Random Variables and Probability Notation

In terms of random variable notation, we denote X(w) or X as a random variable, x as

an outcome value of the random variable X , X as a set of random variables, x as an

outcome value for a set of random variables X, xi as the ith random variable in the random

variable set X, and use the notationX ∼ distribution(Θ) to denote that a random variable

is distributed according to a particular distribution with parameters Θ. We also denote

V al(X) as the set of values that the random variable X can take, |V al(X)| as the number

of elements in V al(X), xi as the ith outcome value of the random variable X ,
∑

x as the

sum over all possible values that the random variable X can take and
∑

x∈Xs as the sum

over a subset s of all possible values that the random variable X can take.

In terms of probability notation, we define p(X = x) := p({w : X(w) = x}) to be a

probability evaluated at the set of outcomes for which the random variable X takes on the

value x or more simply, the probability that the random variableX takes on the value x. We

also define p(x) to be shorthand for p(X = x), which is sometimes called the probability

mass function. We then define p(X) to denote a distribution over the random variable X .

Then, we define p(X, Y ) to be joint probability distribution between the random vari-

ables X and Y , p(X|Y ) to be the conditional distribution as a function of the random

variables X given Y , and p(X; θ) to be a distribution over the random variable X parame-

terized by θ. Also note that throughout this work, we will 1) occasionally violate our own

notation for clarity and 2) we will only consider discrete random variables and probability

distributions. For further notation information, please see Appendix 1.8.



Chapter 2

Background and Foundational
Information

2.1 Problem Formulation

The problem of single-channel source separation involves taking a single mixture signal

and separating it into its respective sources. For our case, we assume the mixture signal

x ∈ RNτ is a finite, discrete-time signal that is created via,

x =
Ns∑
i=1

xi, (2.1)

where we further define x1,x2, . . . ,xNs ∈ RNτ to be pre-mixed individual sound sources,

Nτ to be the total number of samples of each signal, and τ to be the sampling period. Note,

in contrast to general multi-channel separation mixing models, we absorb all mixing scale

factors into the pre-mixed source signals.

Given only the observed mixture signal x, the separation algorithm must then accurately

estimate the individual sources x1,x2, . . . ,xNs as shown in Fig. 2.1 for two sources. This

problem is typically formulated as a large, underdetermined inverse estimation problem

and is inherently ill-posed (i.e., far more unknown variables than equations, no unique so-

lution), making it technically challenging. Many different approaches, however, have been

14
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Figure 2.1: Single-channel source separation diagram for two source signals.

proposed to overcome this issue, as we discussed in Chapter 1, including NMF/PLVM-

based separation techniques.

2.2 Non-Negative Matrix Factorization and Related Prob-

abilistic Latent Variable Separation Methods

Non-negative matrix factorization (NMF) and related probabilistic latent variable models

(PLVMs) are data-driven machine learning techniques that we use for the purpose of source

separation. At a high level, when we use NMF/PLVMs for source separation, we decom-

pose audio spectrogram data, or equivalently the magnitude of the short-time Fourier trans-

form (STFT) of an audio recording, as a linear combination of the outer product of proto-

typical spectral components times vectors of amplitude over time. The spectral components

for each sound source and their gains are learned from data and the result is used to esti-

mate the contribution of each source within an unknown mixture over time, and eventually

perform separation.

NMF/PLVM methods can also be thought of as basis decomposition or dictionary-based

methods and are closely related to sparse coding [63, 64], principal component analysis

[65], singular value decomposition [66], independent subspace analysis methods [5, 67,
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68], and related matrix factorization methods. In addition to their audio applications, both

NMF and PLVMs are also commonly used for processing images, text, and other data types

and collectively have gained a significant research interest over the past decade.

2.2.1 Block Diagram

To separate a single-channel recording into its respective sources using NMF/PLVMs, we

follow the general separation block diagram illustrated in Fig. 2.2. We begin with a time-

domain audio signal x and transform the signal into a time-frequency domain complex-

valued matrix X using the STFT. We then perform NMF/PLVM estimation on the mag-

nitude of this matrix, use the results from the NMF/PLVM to filter and separate the input

signal in the frequency domain, and finally transform the filtered time-frequency domain

signal back to the time domain using the inverse STFT and the original signal phase 6 X.

STFT
...

ISTFT

ISTFT

ISTFT

FILTERNMF/PLVM

|X̂1|

|X̂2|

|X̂Ns |

x̂2

x̂1

x̂Ns

x

\X

|X|

Figure 2.2: Block diagram of NMF/PLVM-based separation methods.

Given this block diagram, we now individually discuss each of the larger computa-

tional blocks, including the STFT in Section 2.3.2, NMF in Section 2.4, and PLVMs in

Section 2.5. We then discuss how we model mixture sounds using NMF/PLVMs in Sec-

tion 2.6 and how we separate mixture sounds in Section 2.7.

2.2.2 General References

For readers familiar with NMF/PLVM-based separation methods, this background chapter

may be unnecessary for understanding further chapters. For readers interested in additional



CHAPTER 2. BACKGROUND AND FOUNDATIONAL INFORMATION 17

supplementary material, there are several books on the subject of source separation that may

be of interest, including the text of Common and Jutten [69], the text edited by Makino et

al. [70], and the text edited by Wang [71].

In addition, please refer to the works of Julius O. Smith III [72, 73, 8] for signal pro-

cessing background material; Boyd and Vandenberghe for optimization background mate-

rial [74]; and Hastie et al. [75], Koller and Friedman [76] and/or Bishop [77] for general

probability and machine learning background material.

2.3 Short-Time Fourier Transform Processing

The first stage of our separation process is the short-time Fourier transform (STFT). The

STFT is a powerful signal processing tool that is used to transform a time domain signal

into complex amplitude values as a function of time and frequency. When applied to finite

discrete signals, the forward STFT can be thought of as a process that transforms a time-

domain vector x into a complex time-frequency domain matrix X. Once transformed, the

time-frequency signal can be analyzed, visualized, processed, and/or inverted back to the

time-domain using the inverse STFT.

For the case of NMF/PLVM-based separation methods, we use the STFT for a variety

of purposes. Firstly, we use the STFT time-frequency data X as the fundamental repre-

sentation of sound that we model using an NMF/PLVM. Secondly, we use the STFT to

implement time-varying linear filtering via overlap-add processing. Thirdly, we use the

magnitude of the STFT for visualization purposes. We discuss the discrete Fourier trans-

form, forward STFT, the inverse STFT, overlap-add processing, and STFT visualization in

Sections 2.3.1, 2.3.2, 2.3.3, 2.3.4, and 2.3.5, respectively.

2.3.1 The Discrete Fourier Transform

To compute the STFT, we use the discrete Fourier transform (DFT) to convert short, se-

quential time-windowed segments of the input signal x into the frequency domain. We



CHAPTER 2. BACKGROUND AND FOUNDATIONAL INFORMATION 18

define the discrete Fourier transform (DFT) via

yk =
N−1∑
n=0

xne
−jωkn, k = 0, 1, . . . , N − 1, (2.2)

where xn is the nth element of the input signal x, yk is the kth element of the complex output

signal y in the frequency domain, ωk = 2πk/N, k = 0, 1, 2, . . . , N − 1, and N is the DFT

size in samples. We also define the inverse DFT (IDFT) via

xn =
1

N

N−1∑
k=0

yke
jωkn, n = 0, 1, . . . , N − 1, (2.3)

where yk is the kth element of the complex input signal y in the frequency domain and xn
is the nth element of the output signal x in the time domain.

In addition to Eq. (2.2), we can also formulate the DFT as a single complex-valued

matrix multiplication operator. In this case, each column is a sampled sinusoid at a different

frequency and is orthogonal to one another [72]. This provides us with the intuition that the

DFT is a projection operator that projects the input signal onto a sampled set of complex

sinusoids. Similar intuition is true for the IDFT and Eq. (2.3).

In practice, we implement the DFT using the fast Fourier transform (FFT) [78, 79, 8]

and restrict the domain of the input to be real-valued. This is done for efficiency purposes

and because we are only concerned with real-valued audio input signals. We define y ←
FFT(x) as a forward FFT function and x← IFFT(y) as an IFFT function. These algorithm

definitions will be required when we outline the entire STFT procedure.

2.3.2 The Forward Short-Time Fourier Transform

Given the definition of the DFT, we define the discrete STFT via [8, 80]

Xkm =
∞∑

n=−∞

[xnwn−mR]e−jωkn, (2.4)
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where xn is the nth element of an input signal vector x, Xkm is the (k,m)th element of the

complex amplitude output time-frequency matrix X, wn−mR is the n−mRth element of

the window vector w, M is the window length in samples, N is the DFT size in samples,

R is the hop size in samples, and ωk = 2πk/N, k = 0, 1, 2, . . . , N − 1. The forward STFT

process is illustrated in Fig. 2.3.

Signal

Windows

Windowed

segments

?

DFT

?

Spectrum

Figure 2.3: The short-time Fourier transform.

In terms of practical implementation, we outline the STFT in Algorithm 1. Alterna-

tively, we can define a modified interface to the STFT function via

(|X |, 6 X)← STFT(x, P ).

In this case, the input arguments consist of the time domain signal and a variable P , which

represents all necessary STFT parameters. The output arguments are then two separate

real-valued matrices that represent the magnitude |X | and phase 6 X of the output matrix.

Note, because there is conjugate symmetry in the DFT for real-valued input signals, we
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only store the first Nf = N/2 + 1 rows of the final STFT output, resulting in an output

matrix X ∈ CNf×Nt .

Algorithm 1 The Short-Time Fourier Transform (STFT)
Procedure STFT (

x ∈ RNτ , // input signal vector

w ∈ RM , // window function of size M

R, // hop size

N , // DFT size

)

initialize: i← 1, j ← 1

repeat
// select segment of input

s← [xi xi+1 . . . xi+M−1]
T

// apply the window

sw ← s�w

// zero-phase zero-pad to length N

sz ← [0 . . . 0 sTw 0 . . . 0]T

// compute a size N FFT

z← FFT(sz)

// only store the first half of the FFT output into the jth column of Y

yj ← [z1 . . . zN/2+1]
T

// update indices

i← i+R

j ← j + 1

until i > Nτ

return: Y ← [y1 . . .yj−1] ∈ CNf×Nt
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2.3.3 The Inverse Short-Time Fourier Transform

Once in the time-frequency domain, a signal can be analyzed, visualized, processed, and/or

transformed back to the time-domain. To transform back into the time-domain, the inverse

short-time Fourier transform (ISTFT) is used. We define the ISTFT via

xn =
1

N

∞∑
m=−∞

N−1∑
k=0

Xkme
jωkn,

where the input to the STFT is a complex-valued matrix X and the output is a real-valued

vector x.

The inverse STFT process is illustrated in Fig. 2.4 and defined in implementation form

in Algorithm 2. Following our forward STFT algorithm, we must reflect the complex-

valued time-frequency domain input matrix to maintain conjugate symmetry before the in-

verse DFTs. To do so, we define X← REFLECT(X) to perform the appropriate conjugate

symmetric reflection, which expands the number of rows of the input from Nf = N/2 + 1

to N rows (the number of columns stays the same). We also define a modified interface to

the ISTFT function via

x← ISTFT(|X |, 6 X, P ),

where the output argument is the same, but the input arguments are modified to accept the

time-frequency domain magnitude |X |, the phase 6 X, and all STFT parameters P .

Constant Overlap-Add

To perfectly reconstruct an input time domain signal x from the STFT signal X using

the ISTFT (assuming no modifications), we must obey the constant overlap add (COLA)

property. The COLA property is defined by

∞∑
m=−∞

wn−mR = 1,∀n

and is dependent on the window shape, the window size, and the hop size. We can also

write this in algorithmic form via x ≡ ISTFT(STFT(x, P ), P ).
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Common windows include the rectangular, Hann, Hamming, Blackman, Bartlett, and

Kaiser windows. For more information on COLA windows and the short-time Fourier

transform in general, please see the work of Smith [8].

Spectrum

?

IDFT

?

Modified

segments

Signal

Figure 2.4: The inverse short-time Fourier transform.
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Algorithm 2 The Inverse Short-Time Fourier Transform (ISTFT)
Procedure ISTFT (

X ∈ CNf×Nt , // input signal vector

R // hop size

)

initialize: y← 0 ∈ RNτ , i← 1, j ← 1

// reflect to enforce conjugate symmetry

X← REFLECT(X)

repeat
// inverse FFT of the j th column of X = [x1 . . .xNt ]

s← IFFT(xj)

// overlap-add to the output vector

[yi yi+1 . . . yi+M−1]
T ← [yi yi+1 . . . yi+M−1]

T + s

// update indices

i← i+R

j ← j + 1

until i > Nt

return: y

2.3.4 Time-Varying Linear Filtering via Overlap-Add

When we employ the STFT to process and modify a given sound, we perform what is

called overlap-add (OLA) processing. OLA processing is an efficient way of implementing

time-varying linear filtering (acyclic convolution) in the frequency domain. It is justified

via the convolution theorem [8] or the fact that convolution in the time domain corresponds

to multiplication in the frequency domain.

To perform time-varying linear filtering using OLA, we first compute the STFT of an

input signal, resulting in a time-frequency domain matrix X = [x1 . . .xNt ] ∈ CNf×Nt .

We then multiply each column xm of X with a different filter frequency response fm. Fi-

nally, we perform the ISTFT on the filtered signal. In matrix notation, the entire frequency
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Algorithm 3 Time-Varying Overlap-Add Processing
Procedure OLA (

x ∈ RNτ×1, // input signal vector
F ∈ CNf×Nt , // time-varying filter matrix
P // STFT parameters

)
// compute the forward STFT of the input signal
X← STFT(x, P )
// filter the input signal in the time-frequency domain
Y = X�F
// compute the inverse STFT of the filtered signal
y← ISTFT(Y, P )
return: y

domain filtering operation for all time can be written as

Y = X�F, (2.5)

where F = [f1 . . . fNt ] ∈ CNf×Nt , � is element-wise matrix multiplication, and Y denotes

the filtered time-frequency domain output matrix. When done correctly, this allows us

to filter the input signal with a filter that changes coefficients every R samples. For our

purposes, we only use real-valued filter frequency responses.

Assuming we know the matrix of all filter frequency responses F and the STFT param-

eters P , we can write the OLA processing procedure in the form of Algorithm 3. As we

will see, this process will be expanded to incorporate an NMF/PLVM parameter estimation

algorithm to automatically estimate F.

When performing OLA processing, we must carefully consider several details. Details

include 1) the choice of the DFT size N , the window size M , the hop size R, and the shape

of the window w, which must be chosen to work together and 2) the shape of each applied

filter frequency response (i.e., the columns of F), which must be time-limited. If any of

these details are implemented incorrectly, a variety of unwanted audible effects can easily

occur.
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Weighted Overlap-Add

Complementary to OLA processing, it is also possible to use the weighted overlap-add

(WOLA) processing to perform time-varying “instantaneous nonlinear spectral processing”

[8]. WOLA processing is near identical to standard OLA processing, but with a small

change. The change is that a second “synthesis” window function is applied after each

inverse DFT within the STFT. This is used to minimize problems caused by nonlinear

processing such as discontinuities, time-aliasing, and other audible artifacts.

When using both an analysis and synthesis window, the two windows must have a

cumulative constant overlap-add effect. As a result, we must design both the analysis and

synthesis WOLA windows together so that the modified COLA constraint

∑
m

w2
n−mR = const. ∀n (2.6)

is satisfied. This is in contrast to Eq. (2.5), which is required for OLA processing. To

design a window for WOLA, we can simply take standard windows (e.g., Hann, Hamming,

etc.) used for OLA processing and square root each element of the window signal.

While WOLA processing is typically not used to implement time-varying linear filter-

ing, as we require, it is sometimes useful in the context of NMF/PLVM separation methods.

This is because the second synthesis window helps mitigate problems caused by estimat-

ing the filter frequency response matrix F via NMF/PLVMs. This can be seen as a quick,

efficient, and approximate solution to applying invalid filter frequency responses (columns

of F), which works reasonably well in practice, but is not optimal.

2.3.5 Visualization

In addition to using the STFT to process sound, we also use it for visualization purposes. To

do so, we compute the magnitude of the time-frequency domain matrix V = |X | and then

rescale the result to an appropriate range for display. For rescaling, we use a logarithmic

amplitude rescaling to convert the STFT magnitude to decibels (dB)

VdB = 20 log10 V, (2.7)
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where the logarithm is applied element-wise.

After this, the maximum is found and subtracted off VdB = VdB −max VdB to nor-

malize the data. From there, a minimum amplitude threshold value is used to clip all values

within a finite range (e.g., -60dB - 0dB). This result is linearly scaled within the range of

zero to one and mapped to color values according to a standard color map (e.g., jet, black

and white, hot, cool, etc.) and format (e.g., RGB values).
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2.4 Non-Negative Matrix Factorization

In this section, we define non-negative matrix factorization, formulate it as an optimization

problem, derive an algorithm to solve the optimization problem, and discuss a probabilistic

interpretation in Sections 2.4.1, 2.4.2, 2.4.3, and 2.4.4, respectively.

2.4.1 Model

Non-negative matrix factorization is a process that approximates a single non-negative ma-

trix as the product of two non-negative matrices. It is defined by

V ≈W H, (2.8)

where V ∈ R
Nf×Nt
+ is a non-negative input matrix; W ∈ R

Nf×Nz
+ is a matrix of basis

vectors, basis functions, or dictionary elements; H ∈ RNz×Nt
+ is a matrix of corresponding

activations, weights, or gains; Nf is the number of rows of the input matrix; Nt is the num-

ber of columns of the input matrix; and Nz is the number of basis vectors [81]. Typically

Nz < Nf < Nt, resulting in a compressed, low-rank approximation of the data V.

Furthermore, we can say the following:

• V ∈ R
Nf×Nt
+ – original non-negative input data matrix

– Each column is an Nf -dimensional data sample

– Each row represents a data feature

• W ∈ R
Nf×Nz
+ – matrix of basis vectors, basis functions, or dictionary elements

– A column represents a basis vector, basis function, or dictionary element

– Each column is not orthonormal, but commonly normalized to one

• H ∈ RNz×Nt
+ – matrix of activations, weights, encodings, or gains

– A row represents the gain of a corresponding basis vector

– Each row is not orthonormal, but sometimes normalized to one
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V ≈ W H

Figure 2.5: NMF of a piano performing “Mary Had a Little Lamb” for two measures with
Nz = 3. Notice how the matrix W captures the harmonic content of the three pitches of
the passage and the matrix H captures the time onsets and gains of the individual notes.

When used for audio applications, NMF is typically used to model spectrogram data or

the magnitude of STFT data [14]. That is, we take a single-channel recording, transform it

into the time-frequency domain using the STFT, take the magnitude or power V, and then

approximate the result as V ≈W H. In doing so, NMF approximates spectrogram data as

a linear combination of prototypical frequencies or spectra (i.e., basis vectors) over time.

This process can be seen in Fig. 2.5, where a two-measure piano passage of “Mary Had

a Little Lamb” is shown alongside a spectrogram and an NMF factorization. Notice how W

captures the harmonic content of the three pitches of the passage and H captures the time

onsets and gains of the individual notes. Also note that Nz is typically chosen manually or

using a model selection procedure such as cross-validation, and Nf and Nt are a function

of the overall recording length and STFT parameters (transform length, zero-padding size,

and hop size).

This leads to two related interpretations of how NMF models spectrogram data. The

first interpretation is that the columns of V (i.e., short time-segments of the mixture signal)

are approximated as a weighted sum of basis vectors as shown in Fig. 2.6 and Eq. (2.9).



CHAPTER 2. BACKGROUND AND FOUNDATIONAL INFORMATION 29

Figure 2.6: NMF interpretation I. The columns of V (i.e., short time-segments of the mix-
ture signal) are approximated as a weighted sum or mixture of basis vectors W.

V ≈v1 v2 ... vNt

 ≈

Nz∑
j=1

Hj1 wj

K∑
j=1

Hj2 wj ...
K∑
j=1

HjNt wj

 . (2.9)

The second interpretation is that the entire matrix V is approximated as a sum of matrix

“layers,” as shown in Fig. 2.7 and Eq. (2.10).

= + +

Figure 2.7: NMF interpretation II. The matrix V (i.e., the mixture signal) is approximated
as a sum of matrix “layers.”
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V ≈v1 v2 . . . vNt

 ≈

w1 w2 . . . wNz




hT
1

hT
2
...

hT
Nz


≈ w1 hT

1 + w2 hT
2 + . . .+ wNz hT

Nz . (2.10)

As we will see, both interpretations are useful and provide further insight into how NMF

operates.

2.4.2 Optimization Formulation

To estimate the basis matrix W and the activation matrix H for a given input data matrix

V, NMF is formulated as an optimization problem. This is written as

arg min
W,H

D(V |W H)

subject to W ≥ 0,H ≥ 0,

(2.11)

where D(V |W H) is an appropriately defined cost function between V and W H and the

inequalities ≥ are element-wise. It is also common to add additional equality constraints

to require the columns of W to sum to one, which we enforce. When D(V |W H) is

additively separable, the cost function can be reduced to

D(V |W H) =

Nf∑
f=1

Nt∑
t=1

d(Vft| [W H]ft). (2.12)

where []ft indexes its argument at row f and column t and d(q|p) is a scalar cost function

measured between q and p.

Popular cost functions include the Euclidean distance metric, Kullback-Lieber (KL)

divergence, and the Itakura-Saito (IS) divergence. Both the KL and IS divergences have

been found to be well suited for audio purposes. In this work, we focus on the case where
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d(q|p) is the generalized (non-normalized) KL divergence

dKL(q|p) = q ln
q

p
− q + p, (2.13)

because of its correspondence to the PLVMs we discuss later. This results in the following

optimization formulation

arg min
W,H

Nf∑
f=1

Nt∑
t=1

−Vft ln[W H]ft + [W H]ft + const.

subject to W ≥ 0,H ≥ 0 .

(2.14)

Given this formulation, we notice that the problem is not convex in W and H, limiting

our ability to find a globally optimal solution to Eq. (2.14). It is, however, biconvex or

independently convex in W for a fixed value of H and convex in H for a fixed value of W,

motivating the use of iterative numerical methods to estimate locally optimal values of W

and H, as discussed below.

2.4.3 Parameter Estimation

To solve Eq. (2.14), we must use an iterative numerical optimization technique and hope

to find a locally optimal solution. Gradient descent methods are the most common and

straightforward for this purpose, but typically are slow to converge. Other methods such

as Newton’s method, interior-point methods, conjugate gradient methods, and similar [74]

can converge faster, but are typically much more complicated to implement, motivating

alternative approaches.

The most popular alternative that has been proposed is by Lee and Seung [81, 13] and

consists of a fast, simple, and efficient multiplicative gradient descent-based optimization

procedure. The method works by breaking down the larger optimization problem into two

subproblems and iteratively optimizes over W and then H, back and forth, given an initial

feasible solution. The approach monotonically decreases the optimization objective for

both the KL divergence and Euclidean cost functions and converges to a local stationary

point.
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Algorithm 4 KL-NMF Parameter Estimation
Procedure KL-NMF (

V ∈ R
Nf×Nt
+ , // input data matrix

Nz // number of basic vectors
)
initialize: W ∈ R

Nf×Nz
+ , H ∈ RNz×Nt

+ (e.g., random values > 0)
repeat

optimize over W

W←W�( V
W H

)HT

1 HT
(2.15)

optimize over H

H← H�WT( V
W H

)

WT 1
(2.16)

until convergence
return: W and H

The approach is justified using the machinery of Majorization-Minimization (MM) al-

gorithms [82]. MM algorithms are closely related to Expectation-Maximization (EM) al-

gorithms, the latter of which we discuss in more detail below. In general, MM algorithms

operate by approximating an optimization objective with a lower bound auxiliary function.

The lower bound is then maximized instead of the original function, which is usually more

difficult to optimize.

Algorithm 4 shows the complete iterative numerical optimization procedure applied to

Eq. (2.14) with the KL divergence, where the division is element-wise, � is an element-

wise multiplication, and 1 is a vector or matrix of ones with appropriately defined dimen-

sions [13]. For a full derivation of KL-NMF, please see the work of Lee and Seung [13].

Since Lee and Seung, numerous other researchers, including Dhillon and Sra [83], Ci-

chocki et al. [84], Févotte et al. [16, 85], and Yang [86], have generalized this multiplica-

tive update approach for different cost functions and scenarios. In most cases, the different

cost functions require further proofs of convergence and use an MM, EM, or alternative

approach for this purpose. When extending NMF to incorporate user-annotated painting

annotations, we will take an EM approach, albeit with a modified optimization objective.
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2.4.4 Probabilistic Interpretation

In addition to the linear algebra-based interpretation of NMF, we can also associate a prob-

abilistic model to NMF. While the probabilistic model changes according to the cost func-

tion used, it is still useful. We discuss the probabilistic model that follows from using KL

divergence as the cost function. The initial model was first discussed by Lee and Seung

and then expanded upon in the work of Virtanen et al. [87], which more clearly outlines

the model for audio purposes.

The probabilistic model is as follows: Each pixel of spectrogram data (e.g., Vft) is

generated by sampling independently and identically distributed (i.i.d.) Poisson random

variables Vft ∼ Poisson(µft) with means µft = [W H]ft. The probability mass function

of a Poisson distributed random variable is given by

p(x;µft) = e−µft
µxft
x!
. (2.17)

While simply stated, this model carries several layers of interpretability.

In particular, this formulation implies that the spectrogram data is quantized and made

up of discrete random events, and a single event is the occurrence of a single ‘unit’ of sound

energy or quantum. In addition, while not immediately obvious, this also implies that each

pixel Vft is generated by a latent variable model, where different latent components (e.g.,

basis) are mixed together (e.g., weights) to reconstruct the data. Because we more carefully

outline latent variable models below, we limit our discussion of the full latent variable

model here.

While this interpretation helps establish a probabilistic intuition behind NMF, it is also

unsettling. This is because each element or pixel of a spectrogram matrix is continuously

valued and we are modeling them as discrete random variables. To resolve this issue, we

can assume that the spectrogram data we are modeling is discretized by multiplying the

data with an increasingly large scale factor and then quantized [88]. While this assumption

is required to theoretically justify the probabilistic model, in practice, this assumption is

rarely a problem and is typically not addressed further. We should note, however, that this

assumption will also be required for the probabilistic latent variable models discussed in

Section 2.5.
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Finally, to show that this interpretation is equivalent to a KL divergence cost function

for NMF, we can perform maximum-likelihood estimation to fit this probabilistic model to

our data. We do so by forming the likelihood as a function of our model parameters W and

H and parameterized by our data V ∈ RNf×Nt . This results in

L(W,H |V) =

Nf∏
f=1

Nt∏
t=1

e−[W H]ft
[W H]

Vft
ft

Vft!
(2.18)

We can then form the log-likelihood by taking the logarithm and by doing some slight

rearranging, we get

L(W,H |V) = ln

Nf∏
f=1

Nt∏
t=1

e−[W H]ft
[W H]

Vft
ft

Vft!

=

Nf∑
f=1

Nt∑
t=1

−[W H]ft + (ln[W H]
Vft
ft )− ln(Vft!)

=

Nf∑
f=1

Nt∑
t=1

Vft ln[W H]ft − [W H]ft + const. (2.19)

When we formally write this as a maximization problem, we get

arg max
W,H

Nf∑
f=1

Nt∑
t=1

Vft ln([W H]ft])− [W H]ft + const.

subject to W ≥ 0,H ≥ 0 .

(2.20)

This optimization formulation is equivalent to solving Eq. (2.14) and therefore shows the

equivalence of the probabilistic model formulation to the linear algebra-based KL diver-

gence cost function formulation. This is not the end of our discussion on probabilistic

models, however, as we now discuss the use of more explicit probabilistic latent variable

models for source separation.
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2.5 Probabilistic Latent Variable Models

In this section, we describe three common probabilistic latent variable models used for

source separation in Section 2.5.1. We then focus on one model in particular, formulate an

optimization problem to estimate the parameters of the model in Section 2.5.2, and derive

an iterative algorithm to solve the optimization problem in Section 2.5.3. In Chapter 4, we

will build off of both the model formation and parameter estimation procedure when we

discuss our proposed separation algorithm.

2.5.1 Models

The three probabilistic latent variable models we discuss can be viewed as variants of prob-

abilistic latent component analysis (PLCA) developed by Smaragdis, Raj, and Shashanka

[17, 18, 89, 90, 19, 91]. PLCA was developed as a straightforward extension of probabilis-

tic latent semantic indexing (PLSI) or equivalently probabilistic latent semantic analysis

(PLSA) [92] for arbitrary dimensions and is applied to modeling audio. Note, PLSI/PLSA

is a popular probabilistic model used in the natural language processing (NLP) community

for modeling topics, words, and documents.

The general PLCA model is defined as a factorized generative probabilistic latent vari-

able model of the form

p(x) =
∑
z

p(z)
N∏
j=1

p(xj|z), (2.21)

where p(x) is an N-dimensional probability distribution over observed data

x = x1, x2, . . . , xN , p(z) is the probability distribution over a latent variable z, p(xj|z)

are one-dimensional probability distributions, and all parameters of the distributions Θ are

implicit in the shorthand notation. The goal of using this model is to uncover a hidden

or latent structure found within observed data, which is done by estimating the model

parameters of the p(z) and p(xj|z) distributions.

When modeling sound, typically discrete, one- or two-dimensional variants are em-

ployed and used to model audio spectrogram data. Each variant is defined by its own

generative process and conditional independence assumptions. In many cases, the models

are found to be very similar in practice, but have slight differences that make them useful
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for different scenarios.

What is common across all variations is that they each interpret observed spectrogram

data in a unique way. Rather than directly modeling the rows or columns of a spectrogram

V with continuous distributions (e.g., Gaussians), discrete multinomial distributions are

used to model the continuous valued data.

A multinomial distribution is defined by the probability mass function

p(x1, x2, . . . , xk;n,π) =

{
n!

x1!x2!...xk!
πx11 π

x2
2 . . . πxkk

∑k
i=1 xi = n

0 otherwise
(2.22)

where n is the total number of independent trials of a random experiment with k possible

outcomes; x1, x2, . . . , xk are non-negative integers that represent the number of the out-

comes of each of the k categories; the factorial terms are normalizing constants to make

a proper probability; and π = (π1, π2, · · · , πk) denote the probability of each of the k

outcomes, where π1, π2, · · · , πk ≥ 0 and
∑k

i=1 πi = 1. In essence, the multinomial dis-

tribution assigns the probability of any combination of outcomes for n independent trials.

A random variable X that is distributed according to a multinomial distribution is denoted

X ∼Multinomial(n,π).

In addition to the definition of a multinomial distribution, we define the fundamental

unit of discrete data that we model as an energy quantum, akin to NMF. An energy quantum

is defined to be a finite unit of sound energy indexed by frequency {1, . . . , Nf} and/or

time {1, . . . , Nt}. We also define observed data as a collection of quanta in the form of a

spectrogram matrix V ∈ R
Nf×Nt
+ . Carefully note, we do not observe individual quanta, but

only sums of quanta indexed by time and frequency. The matrix V can also be thought of

as a matrix of co-occurence values indexed by time and frequency.

As we will see, multinomial distributions (or similarly Poisson distributions) are a con-

venient way of modeling correlation information found within audio spectrogram data.

Modeling correlation information helps us characterize distinct sound sources, discrimi-

nate one sound from another, and eventually tease apart multiple sources within a single

mixture. Because of this, such models typically do not have a valid and/or accurate phys-

ical interpretation and can be the subject of concern to many. This, however, should be

considered a philosophical difference in approach, rather than a limitation.
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Figure 2.8: Plate diagrams or graphical representations for three common latent variable
models used for single-channel source separation. Observed random variables are repre-
sented by shaded circles, hidden random variables are represented by clear circles, repeated
draws are represented by a surrounding box, and conditional dependencies are represented
by directed arrows.

Symmetric Two-Dimensional Model

The first variant that we look at is the symmetric two-dimensional PLCA model [18]. In

this case, we model each spectrogram data V via

p(f, t) =
∑
z

p(z)p(f |z)p(t|z), (2.23)

where p(f, t) is a two-dimensional multinomial distribution representing the probability of

sound at a particular time-frequency point, p(f |z) is a multinomial distribution representing

frequency basis vectors or dictionary elements for each source, p(t|z) is a multinomial

distribution representing gains, weighting, or activations indexed by time, and p(z) is a

multinomial distribution representing the overall weighting of each latent variable outcome.
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A graphical representation of this model is shown in Fig. 2.8(a).

The complete generative process of this model used to create a spectrogram V is spec-

ified via:

1. For n = 1, . . . , NV times, where NV =
∑

f

∑
t Vft,

(a) Generate a latent variable z(n) ∼Multinomial(NV ,σ).

(b) Generate a frequency f (n)|z(n) ∼Multinomial(NV ,wz).

(c) Generate a time t(n)|z(n) ∼Multinomial(NV ,πz).

2. Set Vft equal to the count of the occurrence of each outcomes value pair (f, t).

The multinomial parameter σ is a Nz × 1-element non-negative vector, where all elements

sum to one, W = [w1 . . .wNz ] is an Nf × Nz-element non-negative matrix where each

column sums to one, and Π = [π1 . . .πNz ]
T is an Nt × Nz-element non-negative matrix

where each row sums to one. Collectively, we define all parameters of the complete model

as Θ = {W,Σ,Π}, where Σ = diag(σ).

Also note, the parameters of the multinomial distributions themselves represent nor-

malized probability values. Because of this, it is common to use the overloaded notation

Θ = {p(f |z), p(z), p(t|z)} to represent the parameters Θ = {W,Σ,Π} respectively.

This notation is often more straightforward and is now standard convention, but it can

sometimes be confusing. We will try to be clear when use either notation throughout.

Fig. 2.9 depicts the use of this model to approximate a spectrogram of a piano playing

“Mary Had a Little Lamb.” In this case, three frequency distributions are used to model the

three pitches (E, D, and C) of the two-measure passage. Notice how the frequency distri-

butions p(f |z) ideally capture the harmonic structure of the pitches and the corresponding

elements of p(t|z) and p(z) capture the timing and amplitude levels of each note. Also

notice the similarity between this figure and Fig. 2.5.
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p(f, t) =
∑

z p(f |z) p(z) p(t|z)

Figure 2.9: Symmetric two-dimensional PLCA of a piano performing “Mary Had a Little
Lamb” for two measures with Nz = 3. Notice how the distribution p(f |z) captures the
harmonic content of the three distinct pitches of the passage and p(z) and p(t|z)) capture
the time onsets and gains of the individual notes.

Asymmetric Two-Dimensional Model

In the asymmetric two-dimensional PLCA model, a slight rearrangement of the symmetric

factorization is used to approximate our spectrogram data V. This model stems from the

work of Raj and Smaragdis [17]. In this case, the factorized model is

p(f, t) = p(t)
∑
z

p(f |z)p(z|t). (2.24)

This model is very similar to the symmetric two-dimensional model discussed above, al-

beit with slightly different factors. In this model, p(f, t) is a two-dimensional multinomial

distribution representing the probability of sound energy at a given time-frequency point,

p(t) is a multinomial distribution representing the overall probability of sound energy at

a given point in time, p(f |z) is a multinomial distribution representing frequency basis

vectors or dictionary elements for each source, and p(z|t) is a multinomial distribution rep-

resenting relative weighting of the latent component at a given time instance. A graphical

representation of this model is illustrated in Fig. 2.8(b).

The complete generative process used to create a normalized spectrogram V is specified

via:
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1. For t = 1, 2, . . . , Nt.

(a) For n = 1, . . . , NVt times, where NVt =
∑

f Vft,

i. Generate a time t(n) ∼Multinomial(NV ,σ).

ii. Generate a frequency f (n)|z(n) ∼Multinomial(NV ,wz).

iii. Generate a latent variable z(n)|t(n) ∼Multinomial(NV ,πz).

2. Set Vft equal to the count of the occurrence of each outcomes value pair (f, t).

The multinomial distribution parameter σ is a non-negative Nt×1 vector that sums to one,

W = [w1 . . .wNz ] is a Nf × Nz non-negative matrix with columns that sum to one, and

Π = [π1 . . .πNt ] is a non-negative Nz ×Nt-dimensional matrix with columns that sum to

one. Collectively, we define all parameters of the complete model as Θ = {W,Σ,Π},
where Σ = diag(σ).

As before, the parameters of the multinomial distributions themselves represent nor-

malized probability values. Because of this, it is common to use the overloaded notation

Θ = {p(f |z), p(z), p(z|t)} to represent the parameters Θ = {W,Σ,Π}, respectively.

Simplified One-Dimensional Model

In the simplified one-dimensional model developed by Raj and Smaragdis [17], each time

frame Vt of the spectrogram V is modeled independently. As a result, the random variable

representing time is eliminated and the data for each time slice Vt is approximated via

p(ft) =
∑
zt

p(ft|zt)p(zt). (2.25)

In this model, p(ft) is a one-dimensional multinomial distribution representing the proba-

bility of sound energy at a given frequency point indexed by time t, p(ft|zt) is a multinomial

distribution representing frequency basis vectors or dictionary elements for each source,

and p(zt) is a multinomial distribution representing weighting of the latent component zt.

The plate diagram of the model for one time-frame is shown Fig. 2.8(c).

The generative process used to create a complete spectrogram V is specified via:

1. For t = 1, 2, . . . , Nt.
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(a) For n = 1, . . . , NVt times, where NVt =
∑

f Vft,

i. Generate a latent variable z(n)t ∼Multinomial(NV ,σ).

ii. Generate a frequency f (n)
t |z(n)t ∼Multinomial(NV ,wz).

2. Set Vft equal to the count of the occurrence of each outcomes value pair (f, t).

Note, each column of the spectrogram is treated separately. The multinomial distribu-

tion parameter σ is a Nzt-dimensional non-negative vector that sums to one and W =

[w1 . . .wNz ] is a Nf ×Nz non-negative matrix with columns that sum to one. Collectively,

we define all parameters of the complete model as Θ = {W,Π} or, alternatively, using

the overloaded notation Θ = {p(f |z), p(z)}.

Comparison

When comparing these models, we can see that the biggest differences arise from how

each model deals with time, resulting in contrasting conditional independence assumptions.

In the symmetric two-dimensional factorization, both time and frequency are dealt with

identically, resulting in a straightforward interpretation of each of the model factors. In the

two-dimensional asymmetric and simplified one-dimensional factorization, however, time

and frequency are dealt with differently.

In the two-dimensional asymmetric factorization, the distribution relating the latent

component and time (i.e., p(z|t)) is normalized over the values of the latent component

and not time. For our purposes, this results in a less intuitive factorization because the

distribution p(z|t) no longer represents the amplitude envelope of each component as it

does in the symmetric factorization because it is normalized in each time frame. In the

one-dimensional factorization, an additional independence is added (i.e., each column Vt

of a spectrogram is generated independently) and the distribution relating time and the

latent component is eliminated.

While this is useful for some applications [93, 21], it is beneficial for us to maintain

a dependence between time and the latent component. Because of this, we focus on the

two-dimensional symmetrical factorization in the remaining sections and chapters.
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2.5.2 Optimization Formulation

Given the symmetric two-dimensional PLCA model, we now must fit the parameters of

our model Θ to data V. While maximum-likelihood (ML) is the standard method used to

estimate parameters of probabilistic models, the latent variables in our model make direct

ML difficult. More specifically, when we formulate the log-likelihood of our model as a

function of the parameters given our data V, we get

L(Θ|V) = ln p(V |Θ)

= ln p(V11, V12, . . . , Vft|Θ)

= ln
(
∑

f

∑
t Vft)!

V11!V12! . . . Vft!

Nf∏
f=1

Nt∏
t=1

p(f, t)Vft

= ln
(
∑

f

∑
t Vft)!

V11!V12! . . . Vft!

Nf∏
f=1

Nt∏
t=1

[∑
z

p(f |z)p(z)p(t|z)
]Vft

=

Nf∑
f=1

Nt∑
t=1

Vft ln
[∑

z

p(f |z)p(z)p(t|z)
]

(2.26)

where the model parameters, in this case, are represented by Θ = {p(f |z), p(t|z), p(z)}
according to standard convention.

When we try to maximize this function, problems arise because of the logarithm of

the sum. To mitigate this problem, we use an expectation-maximization (EM) algorithm.

EM algorithms are the canonical optimization method for estimating model parameters of

latent variable models. When we use EM, we form the log-likelihood, and then form an

auxiliary function F(q,Θ) that lower bounds the log-likelihood. We then maximize the

lower bound, instead of directly optimizing the log-likelihood [94, 77].

In this way, we indirectly maximize the log-likelihood function and are able to solve

an easier optimization problem. As noted in the literature [94, 77], this process guarantees

the parameter estimates Θ to monotonically increase the lower bound, and consequently

increase the likelihood until convergence to a local stationary point. The complete gener-

alized EM is presented in Algorithm 5 and follows from the description of Bishop [77].

In our notation, all observed random variables are denoted by X, all unobserved random
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variables are denoted by Z, and all model parameters are denoted by Θ. We also define the

posterior distribution p(Z |X,Θ) to be the distribution over the latent variables Z given the

observed variables X and model parameters Θ.

Also note, there are alternative interpretations and meta-algorithms for EM algorithms

(e.g., computing the expected value of the complete-data log-likelihood with respect to

the posterior distribution of the unobserved variables). In such cases, it is common for

the expectation step to only require step 4(a) (i.e., computing the posterior distribution

p(Z |X,Θ)) and not step 4(b) because q(Z) is optimal when equal to the posterior. When

we discuss our proposed algorithmic modifications to PLCA to incorporate user-feedback,

however, we will require this formulation and will add additional optimization constraints

to Eq. (2.30).
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Algorithm 5 The Generalized Expectation-Maximization Algorithm

1. Formulate the log-likelihood of your model, knowing the model parameters Θ, the

observed data X, and the latent variables Z,

L(Θ|X) = ln p(X |Θ) = ln
∑

Z

p(X,Z |Θ).

2. Form an auxiliary function that lower bounds the log-likelihood via

L(Θ|X) = ln p(X |Θ)

= F(q,Θ) + KL(q||p), (2.27)

where F(q,Θ) =
∑

Z

q(Z) ln

{
p(X,Z |Θ)

q(Z)

}
, (2.28)

KL(q||p) = KL(q(Z) || p(Z |X,Θ))

= −
∑

Z

q(Z) ln

{
p(Z |X,Θ)

q(Z)

}
, (2.29)

q(Z) or q is a discrete, free distribution, KL(q||p) is the Kullback-Leibler divergence

and F(q,Θ) is the lower bound as a result of KL(q||p) being non-negative.

3. Provide an initial guess of the model parameters Θ.

4. Maximize the lower bound via the following two-stage coordinate ascent procedure

until convergence. The superscript n denotes iteration number.

Expectation Step

(a) Evaluate p(Z |X,Θ), the posterior distribution over the latent variables Z given

the observed variables X and model parameters Θ.

(b) Maximize the lower bound F(q,Θ) or equivalently minimize KL(q||p) with

respect to q qn+1 = arg max
q

F(q,Θn)

= arg min
q

KL(q||p). (2.30)
Maximization Step

(c) Maximize the lower bound with respect to Θ

Θn+1 = arg max
Θ

F(qn+1,Θ). (2.31)
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2.5.3 Parameter Estimation

When we apply the above procedure to estimate the parameters of our model, we first form

the lower bound auxiliary function F(q,Θ) resulting in

F(q,Θ) =

Nf∑
f=1

Nt∑
t=1

Vft

[∑
z

q(z) ln
[
p(z)p(f |z)p(t|z)

]]
+ const. (2.32)

Given the lower bound, we must derive our E and M step update procedures. To com-

pute the E step, we must first maximize F(q,Θ) with respect to q. Fortunately, we know

this is maximized when q is equal to the posterior distribution q = p(Z |X,Θ). So, in-

stead of explicitly maximizing F(q,Θ) with respect to q, all we have to do is compute the

posterior distribution of our model using Bayes’ theorem, resulting in

p(z|f, t) ← p(z)p(f |z)p(t|z)∑
z′ p(z

′)p(f |z′)p(t|z′) . (2.33)

This completes the E step update.

Then, given this posterior, we must compute the M step update. To do so, we must

maximize F(q,Θ) with respect to the model parameters Θ. In our case, we can perform

this maximization analytically. To do so, we first simplify the lower bound via

F(q,Θ) =

Nf∑
f=1

Nt∑
t=1

Vft

[∑
z

q(z|f, t) ln
[
p(z)p(f |z)p(t|z)

]]
+ const.

=

Nf∑
f=1

Nt∑
t=1

Vft

[∑
z

p(z|f, t) ln
[
p(z)p(f |z)p(t|z)

]]
+ const.

=

Nf∑
f=1

Nt∑
t=1

Vft

[∑
z

p(z|f, t)
[

ln p(z) + ln p(f |z) + ln p(t|z)
]]

+ const. (2.34)

Note, this final lower bound in Eq. (2.34) is equivalent to the expected value of the log-

likelihood with respect to the posterior distribution.

Given Eq. (2.34), we maximize this with respect to the model parameters

Θ = {p(z), p(f |z), p(t|z)}. This requires the use of Lagrange multipliers, π,κ, and ν, to
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enforce proper probability distributions, resulting in the Lagrangian

Ψ(Θ, π,κ,ν) =
∑
f

∑
t

Vft

[∑
z

p(z|f, t) ln p(z)
]

+ π
(

1−
∑
z

p(z)
)

+

∑
f

∑
t

Vft

[∑
z

p(z|f, t) ln p(f |z)
]

+
∑
z

κz

(
1−

∑
f

p(f |z)
)

+

∑
f

∑
t

Vft

[∑
z

p(z|f, t) ln p(t|z)
]

+
∑
z

νz

(
1−

∑
f

p(t|z)
)
. (2.35)

Maximizing the Lagrangian Ψ(Θ, π,κ,ν) with respect to p(z), p(f |z), and p(t|z) and

setting the results to zero, yields

∑
f

∑
t

Vftp(z|f, t)− πp(z) = 0 (2.36)∑
t

Vftp(z|f, t)− κzp(f |z) = 0 (2.37)∑
f

Vftp(z|f, t)− νzp(t|z) = 0. (2.38)

Eliminating the Lagrange multipliers then yields the final M step update equations

p(z) =

∑
f

∑
t Vftp(z|f, t)∑

z′
∑

f ′
∑

t′ Vf ′t′p(z|f ′, t′)
(2.39)

p(f |z) =

∑
t Vftp(z|f, t)∑

f ′
∑

t′ Vf ′t′p(z|f ′, t′)
(2.40)

p(t|z) =

∑
f Vftp(z|f, t)∑

f ′
∑

t′ Vf ′t′p(z|f ′, t′)
. (2.41)

This completes the M step update.

With the E and M steps together, we write the complete iterative two-stage EM proce-

dure in Algorithm 6. In this case, we again use the shorthand notation p(z), p(f |z), and

p(t|z) for the model parameters. Note, we denote the posterior distribution via q(z|f, t)
as opposed to p(z|f, t) for future purposes. Also notice, both E and M steps are solved in
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closed form.

Algorithm 6 PLCA Parameter Estimation
Procedure PLCA (

V ∈ R
Nf×Nt
+ , // observed normalized data

Nz // number of latent variable outcomes

)

initialize: feasible p(z), p(f |z), and p(t|z)

repeat
expectation step

for all z, f, t do

q(z|f, t) ← p(z)p(f |z)p(t|z)∑
z′ p(z

′)p(f |z′)p(t|z′) (2.42)

end for
maximization step

for all z, f, t do

p(f |z) ←
∑

t Vftq(z|f, t)∑
f ′
∑

t′ Vf ′ t′q(z|f ′ , t′)
(2.43)

p(t|z) ←
∑

f Vftq(z|f, t)∑
f ′
∑

t′ Vf ′ t′q(z|f ′ , t′)
(2.44)

p(z) ←
∑

f

∑
t Vftq(z|f, t)∑

z′
∑

f ′
∑

t′ Vf ′ t′q(z
′ |f ′ , t′) (2.45)

end for
until convergence

return: p(f |z), p(t|z), p(z), and q(z|f, t)

2.5.4 Relationship Between NMF and PLCA

Given both the NMF and PLCA probabilistic models and corresponding parameter estima-

tion algorithms, it is useful to establish the relationship between the two approaches. This

is because both methods are used for the same purpose, have similar probabilistic inter-

pretations, and have similar parameter estimation algorithms. There are slight differences,

however, and it is useful to clarify.
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So, to compare the methods, we first analyze how NMF and PLCA both model spec-

trogram data V. In the NMF probabilistic model, the spectrogram V is modeled as i.i.d.

Poisson distributions with mean µft = [W H]ft for each element Vft. In the symmetric

two-dimensional PLCA model, the spectrogram V is modeled according to an i.i.d. gener-

ative process of multinomial distributed random variables.

While these two models seem at odds, they are intimately related. We see the relation

when we analyze the probability of i.i.d. Poisson random variables conditioned on their

sum N . When we do so, we see that

p(V11, V12, . . . , Vft|Y = N) ∼Multinomial(N,Θ) (2.46)

where V11, V12, . . . , Vft are i.i.d. Poisson random variables, following the derivation from

Steel [95]. That is to say, the probability of i.i.d. Poisson random variables conditioned

on their sum is a multinomial distribution and N =
∑

f

∑
t Vft. As a result, we see

that the NMF Poisson model and the PLCA multinomial models are identical, except for

a conditioning on the overall number of events N . For a full derivation of this relation,

please see Appendix B.

We also see the connection between the two probabilistic models when we derive

the log-likelihood of our PLCA model using the alternative model parameter notation
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Θ = {W,Σ,Π}. In this case, we derive the log-likelihood as

L(Θ|V) = ln p(V |Θ)

= ln p(V11, V12, . . . , Vft|Θ)

= ln
(
∑

f

∑
t Vft)!

V11!V12! . . . Vft!

Nf∏
f=1

Nt∏
t=1

[∑
z

WfzΣzΠtz

]Vft
=

Nf∑
f=1

Nt∑
t=1

Vft ln
[∑

z

WfzΣzΠtz

]
+ const.

=

Nf∑
f=1

Nt∑
t=1

Vft ln[W ΣΠ]ft + const.

=

Nf∑
f=1

Nt∑
t=1

Vft ln[W H]ft + const., (2.47)

where in the last step, we set H = ΣΠ. As shown, this is identical to our NMF maximiza-

tion objective Eq. (2.14), albeit with a missing additive term
∑Nf

f=1

∑Nt
t=1[W H]ft. The

missing term is the result of the assumption that we observe the overall sum of the spectro-

gram N as well as the fact that it is equal to one, as a result of the sum-to-one constraints

on the model parameters.

In addition to comparing the two probabilistic models formulations, it is also useful to

compare the MM KL-NMF parameter estimation algorithm and the EM PLCA parameter

estimation algorithm. To do so, we can notate Algorithm 6 using matrix notation and

rearrange the update questions to match those of Algorithm 4 [90]. Algorithm 7 shows

the multiplicative update rules of PLCA where W is a matrix of probability values such

that p(f |z) is the f th row and zth column, H is a matrix of probability values such that

p(t|z)p(z) is the zth row and tth column, 1 is an appropriately sized matrix of ones, � is

element-wise multiplication, and the division is element-wise. Given proper initialization

and normalization, these updates are near numerically identical to the multiplicative update

equations for KL-NMF.

Given this close relationship, we can say that for practical purposes KL-NMF and

PLCA are equivalent. As a result, we define Algorithm 8 to represent a general NMF/PLCA
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algorithm using matrix notation. When we refer to NMF/PLVMs throughout the remaining

duration of this work, we will refer to this procedure.

Algorithm 7 PLCA Parameter Estimation in Matrix Notation
Procedure PLCA(

V ∈ R
Nf×Nt
+ , // observed normalized data

Nz // number of basic vectors

)

initialize: W ∈ R
Nf×Nz
+ , H ∈ RNz×Nt

+ (e.g., random probability values)

repeat

Z ← V

W H
(2.48)

W ← W � Z HT

1 HT
(2.49)

H ← H � (WT Z) (2.50)

until convergence

return: W and H

Algorithm 8 General NMF/PLCA Parameter Estimation
Procedure NMF-PLCA(

V ∈ R
Nf×Nt
+ , // observed normalized data

Nz // number of basic vectors or latent components )

(W,H)← KL-NMF(V, Nz)

or

(W,H)← PLCA(V, Nz )

return: W and H
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2.6 Modeling Mixtures

Now that we have discussed how NMF/PLVM methods both model audio and perform

parameter estimation given a spectrogram V, we must discuss how these methods are used

to model mixture sounds and eventually perform separation.

The general idea when modeling mixture sounds is to partition the parameters of a large

NMF/PLVM model into distinct, non-overlapping groups as illustrated in Fig. 2.10. Once

partitioned, we associate each group of parameters to one of the individual sources present

in the mixture. Then, we estimate each group of parameters in one of three different ways:

unsupervised, supervised, or semi-supervised parameter estimation.

In unsupervised parameter estimation, we estimate all parameters of our model simul-

taneously (i.e., W and H). In supervised parameter estimation, we perform a series of

unsupervised estimations to pre-learn each group of basis vectors for each source inde-

pendently from isolated recordings, combine them together to form W, and then estimate

an unknown H from mixture data given the fixed, pre-computed W. In semi-supervised

separation, we perform a series of unsupervised estimations to pre-learn some of the basis

vectors groups in W independently from isolated recordings, and then estimate the re-

maining unknown basis vectors of W and all elements of H from mixture data with the

pre-learned portion of W held fixed. We discuss each of these procedures in more detail

below.



CHAPTER 2. BACKGROUND AND FOUNDATIONAL INFORMATION 52

Basis Vectors

F
r
e

q
u

e
n

c
y
 
(
H

z
)

Basis

Basis Vectors

F
r
e

q
u

e
n

c
y
 
(
H

z
)

Basis

V ≈ W H

≈
[
W1 W2

] [HT

1

H
T

2

]

Basis Vectors

F
r
e

q
u

e
n

c
y
 
(
H

z
)

Basis

Basis Vectors

F
r
e

q
u

e
n

c
y
 
(
H

z
)

Basis

Student Version of MATLABV ≈
∑

z∈V al(Z)

p(z)p(f |z)p(t|z)
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∑

z∈V al(Z1)

p(z)p(f |z)p(t|z) +

∑
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p(z)p(f |z)p(t|z)

Figure 2.10: (Left) Modeling a mixture sound (e.g., drums and bass) using NMF, where
the model parameters are partitioned into two distinct groups. (Right) Modeling a mixture
sound using PLCA, where the model parameters are analogously partitioned.

2.6.1 Unsupervised Parameter Estimation

When we estimate all of the parameters of an NMF/PLVM simultaneously, we call the

procedure unsupervised parameter estimation. The term unsupervised is in reference to

the fact that the model is attempting to learn or cluster distinct sound sources within a

mixture without any supervision or additional information. We can interpret Fig. 2.10 as

unsupervised parameter estimation, assuming all parameters are estimated simultaneously.

Unfortunately, however, when we simultaneously estimate all of the parameters of a

model, it is difficult to obtain an ideal segmentation or grouping of the parameters so that

distinct groupings explain distinct sound sources. This is particularly problematic when we

allow each sound source to be explained by more than one basis vector or latent compo-

nent. This is because there is nothing within the NMF or PLCA optimization objective to

encourage or discourage one group of parameters to only explain one particular sound. As

a result, the basis vectors that are associated with one sound source will explain another

and vice versa, resulting in little to no separation.
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This issue is illustrated geometrically in Fig. 2.11, where we display three-dimensional

normalized spectrogram data (i.e., spectra with low, middle, and high frequencies) of two

sound sources and their mixture using a standard 2-simplex diagram. We additionally show

three basis vectors for each source, the convex hulls for each source, and the convex hull of

the combined model. The convex hull of a given source represents the general geometrical

region within the simplex of that source. It is defined by the set U = {∑z∈Zs θz wz | θz ≥
0,
∑

z∈Zs θz = 1}, where wz is a column of W that sums to one and Zs is the set of values

of z for source s.

In the ideal situation, the basis vectors for each source (5 and4) and their correspond-

ing convex hulls would surround their respective spectra data points (x and +). Instead, the

convex hulls for each source surround the mixture spectra (?). This means that the learned

basis vectors for each source are inaccurate and do not actually represent the frequency

content of the individual sources. This will result in poor separation quality, requiring

alternative approaches or algorithmic extensions to unsupervised parameter estimation.
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Figure 2.11: A 2-simplex of normalized three-frequency spectra of two sources using un-
supervised parameter estimation. The convex hulls and basis vectors of each source are
shown, along with the mixture convex hull. The bottom-left, top-middle, and bottom-right
corners of the simplex represent low, middle, and high frequencies respectively. Notice,
the convex hulls of each source overlap and do not outline their respective spectra.
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2.6.2 Supervised Parameter Estimation

To overcome this problem, typically we use supervised or semi-supervised parameter esti-

mation. The general idea of supervised separation is to use isolated training data (record-

ings) of each sound source within a mixture to pre-learn the individual basis vectors for

each source using unsupervised estimation. Then, given an unknown mixture recording of

similar sources, the pre-learned basis vectors are combined to form a single, larger model.

Given the pre-computed basis vectors, a new set of corresponding gains or weights are

estimated to fit the mixture [19].

The complete process is illustrated in Fig. 2.12 for NMF. As shown, we see that super-

vised parameter estimation requires Ns + 1 factorization, where Ns is the total number of

sources within the mixture. One unsupervised factorization is needed to train each source

model independently and one final supervised parameter estimation is needed to model the

mixture.

For the case of the last factorization, the optimization objective for the final mixture is

modified to be
arg min

H
D(V |W H)

subject to H ≥ 0,
(2.51)

where we only optimize over the variables H. A similar modification to the PLCA param-

eter estimation algorithm can be used and results in a modified log-likelihood expression

in which the pre-learned frequency distributions are held fixed.

This procedure is outlined in Algorithm 9, with the help of a slightly modified NFM/PLCA

parameter estimation procedure outlined in Algorithm 10. The latter algorithm allows us

to provide an optional input parameter W1 to our NMF/PLCA parameter estimation algo-

rithm in order to specify a set of pre-learned basis vectors that are held fixed throughout the

mixture-based parameter estimation process.
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Figure 2.12: Supervised NMF performed on drum and bass guitar recordings. (Top) In-
dependent NMF models are estimated: one using a recording of bass guitar and the other
using a recording of drums. (Bottom Left) The basis vectors of the bass guitar and drum
model are concatenated. (Bottom Right) The gains or weights of the new, larger NMF
model are estimated, while the pre-computed basis vectors are held fixed.
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Figure 2.13: A 2-simplex of normalized three-frequency spectra of two sources using
supervised parameter estimation. The convex hulls and basis vectors of each source are
shown, along with the mixture convex hull. The bottom-left, top-middle, and bottom-right
corners of the simplex represent low, middle, and high frequencies respectively. Notice,
the convex hulls of each source do not overlap and outline their respective spectra.

We further illustrate this process using a simplex diagram as shown in Fig. 2.13. In

this case, the learned basis vectors for each sound source ideally surround the spectra data

points of their respective sources. It should be noted, however, that such ideal convex hulls

still do not necessarily imply the learned models will achieve high-quality good separation.

The groups of basis vectors are not orthogonal to each other and the combined basis vectors

of the two sources can be used to perfectly model any mixture sound within the combined

convex hull (black, dotted), even though the individual hulls only occupy small subregions.

In addition, in most real-world scenarios, the hulls will overlap and make the problem even

more difficult.

Finally, while we note that supervised parameter estimation significantly improves upon

unsupervised estimation, it requires isolated training data for each individual sound source

within a mixture. In a wide variety of settings, this is not possible, motivating alterna-

tive approaches. We discuss one approach below and will also discuss a new, alternative

approach using our proposed user-guided methodology in Chapter 4.
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Algorithm 9 Supervised NMF/PLCA Parameter Estimation
Procedure SUP-NMF-PLCA ( Vs ∀s = 1, . . . , Ns, // training spectrograms

Vm, // mixture spectrogram

Nz/Ns // number of basic vectors per source s

)

// Compute the prototypical frequency spectra for each source s

for s = 1, . . . , Ns do
(Ws,Hs)← NMF-PLCA(Vs, Nz/Ns)

end for
// Concatenate pre-learned basis vectors

W = [W1 W2 . . .WNs ]

// Compute mixture factorization

(W,H)← NMF-PLCA(Vm, Nz, W)

return: W and H
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Algorithm 10 NMF-PLCA Parameter Estimation with Optional Predefined Basis Vectors
Procedure NMF-PLCA (

V ∈ RNF×NT
+ , // input data matrix

NK , // number of basic vectors

W1 ∈ R
NF×NK1
+ where NK1 +NK2 = NK and NK1 , NK2 ≥ 0 // optional, fixed basis

)

initialize: W2 ∈ R
NF×NK2
+ , H1 ∈ R

NK1
×NT

+ , H2 ∈ R
NK2

×NT
+ // random values > 0

define: W := [W1 W2] and H := [H1 H2]

repeat
optimize over W

W2 ←W2�
( V

W H
)H2

T

1 H2
T

(2.52)

optimize over H

H← H�WT( V
W H

)

WT 1
(2.53)

until convergence

return: W and H

2.6.3 Semi-Supervised Parameter Estimation

The most common alternative approach to completely supervised parameter estimation is

semi-supervised parameter estimation. The procedure is near identical to that of supervised

separation with the exception that one or more source sources lack isolated training data

and are not pre-learned, as shown in Fig. 2.14. This results in a modified optimization

objective,
arg min

H,W2

D(V |W H)

subject to H ≥ 0,W2 ≥ 0,

(2.54)
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where W := [W1 W2], W1 is a fixed, known matrix of basis vectors and W2 is an un-

known matrix of basis vectors. We also say that we have Nst training recordings, which

is less than the Ns possible training recordings. This process is illustrated in Fig. 2.14 and

outlined in Algorithm 11.
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Figure 2.14: Semi-supervised PLCA performed on drum and bass guitar recordings. (Top)
A single factorization of an isolated drum recording. (Bottom Left) The basis vectors of
the bass guitar and drum model are concatenated. (Bottom Right) The gains or weights of
the new, larger NMF model are estimated, while the pre-computed basis vectors are held
fixed.



CHAPTER 2. BACKGROUND AND FOUNDATIONAL INFORMATION 60

Low (1,0,0)

Mid (0,1,0)

High (0,0,1)Low (1,0,0)

Mid (0,1,0)

High (0,0,1)Low (1,0,0)

Mid (0,1,0)

High (0,0,1)Low (1,0,0)

Mid (0,1,0)

High (0,0,1)Low (1,0,0)

Mid (0,1,0)

High (0,0,1)Low (1,0,0)

Mid (0,1,0)

High (0,0,1)
 

 

Source 1

Source 2

Source 1 Convex Hull

Source 2 Convex Hull

Mixture Convex Hull

Source 1 Basis Vectors

Source 2 Basis Vectors

Student Version of MATLAB

Figure 2.15: A 2-simplex of normalized three-frequency spectra of two sources using semi-
supervised parameter estimation. The convex hulls and basis vectors of each source are
shown, along with the mixture convex hull. The bottom-left, top-middle, and bottom-right
corners of the simplex represent low, middle, and high frequencies respectively. Notice,
the convex hulls of each source do not overlap, but the hull of the source learned from the
mixture does not precisely outline its respective spectra.

In Fig. 2.15, we also illustrate the semi-supervised parameter estimation process using

a simplex diagram. In this case, the basis vectors for the first sound source are learned

from isolated training data and the basis vectors for the second source are learned from a

mixture recording. Notice how the convex hull of the first source more accurately outlines

its spectra data points and the convex hull of the second source less accurately outlines its

spectra data points. This tells us that we have a better representation of the first source

compared to the second and that the collective group of basis vectors will result in lower

quality separation compared to when supervised parameter estimation is used.
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Algorithm 11 Semi-Supervised NMF/PLCA Parameter Estimation
Procedure SEMI-SUP-NMF-PLCA ( Vs ∀s = 1, . . . , Nst , // Nst training spectrograms

Vm, // mixture spectrogram

Nz/Ns // number of basic vectors per source s

)

// Compute the prototypical frequency spectra for available source s

for s = 1, . . . , Nst do
(Ws,Hs)← NMF-PLCA(Vs, Nz/Ns)

end for
// Concatenate learned basis vectors

Wt = [W1 W2 . . .WNst
]

// Compute mixture factorization

(W,H)← NMF-PLCA(Vm, Nz, Wt)

return: W and H

2.7 Separating Mixtures

Once we compute a model of a mixture sound using unsupervised, supervised, or semi-

supervised parameter estimation, we can finally perform separation. We denote two meth-

ods to do so as source synthesis and source filtering. In the case of source synthesis, the

STFT magnitude of each source within a mixture is reconstructed directly from the esti-

mated mixture model. In the case of source filtering, the STFT magnitude for each separate

source is generated by filtering the original mixture as a function of the NMF/PLVM model

akin to Weiner filtering [96, 97]. Both methods are discussed below.

2.7.1 Source Synthesis

For source synthesis, we reconstruct the time-frequency magnitude of a given source by

multiplying together the portion of an estimated mixture model that corresponds to each

source. When using NMF, this results in multiplying the basis vectors and activations of a
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given source together

V̂s = Ws Hs (2.55)

where V̂s is the estimated time-frequency magnitude for source s, and Ws and Hs are the

basis vectors and activations for source s. This process is analogous to the reverse of the

supervised separation procedure and is depicted in Fig. 2.16. Alternatively, when using the

probability notation, we write

p̂(f, t|s) =
∑

z∈V al(Zs)

p(z)p(f |z)p(t|z), (2.56)

where the summation is over all values of z that correspond to source s. Once the individual

source magnitude spectrograms are constructed, the original mixture phase 6 X is used in

conjunction with the inverse STFT to generate the final, separated time-domain signals x̂s.

An additional scaling factor may also be necessary to match the input mixture gain with

the reconstructed outputs.
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Figure 2.16: (Top) The mixture NMF (or PLCA), where groups of basis vectors and acti-
vations are associated with one sound source or another and estimated. (Bottom Left) The
reconstructed bass source spectrogram. (Bottom Right) The reconstructed drum source
spectrogram.

2.7.2 Source Filtering

In contrast to directly synthesizing the separated sources from the mixture model, we can

filter the original mixture signal as a function of the NMF/PLVM output. This allows us

to maintain the intricate detail of the mixture signal and simply filter out the unwanted

sources from the mixture to generate the final separated sources. Typically, this approach

results in significantly less audible artifacts in the separated sources, but also can result in
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less separation.

To filter the mixture signal, we use the NMF/PLVM to generate the frequency response

of a time-varying linear filter Fs for each source s. This filter is commonly called a masking

filter, or soft mask filter, and is constructed by

Fs =
Ws Hs

W H
(2.57)

where Ws and Hs are the basis vectors and activations for source s. Each column of Fs

represents the frequency response of a single filter and the column indices represent the

time frames at which the filters are applied. In probability notation, the masking filter is

generated via

Fs = p(s|f, t) =
∑

z∈V al(Zs)

p(z|f, t) =

∑
z∈V al(Zs)

p(z)p(f |z)p(t|z)∑
z∈V al(Z)

p(z)p(f |z)p(t|z)
. (2.58)

In essence, the posterior probability of a given source s is used as a ratio to filter the

mixture at each time-frequency point. We then use the overlap-add procedure described in

Section 2.3.4 to filter the original mixture time-frequency domain signal X via

V̂s = Fs�V (2.59)

and transform back to the time-domain using the ISTFT. For alternative approaches to

generating masking filters, please see Fitzgerald and Rajesh [98] and others.

While this method performs well in practice, there are several problems with this ap-

proach (and source synthesis). Most notably, the generated filter frequency responses are

not guaranteed to be time-limited, can have sharp discontinuities, and do not correspond to

a realizable linear filter in the time-domain. As a result, when we transform the filter fre-

quency responses into the time-domain, time-aliasing and other unwanted, audible artifacts

can occur. In addition, because there is time-overlap between each applied filter (columns

of Fs), there are also constraints implied by the STFT that must be resolved.

To overcome these issues, any form of finite impulse response optimal filter design
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(e.g., the window method) can be used to convert each column of Fs to a set of time-

limited filters independently. Alternatively, STFT consistency constraints can be used to

jointly estimate a set of filters Fs as described in the work of LeRoux et al. [99, 100]. For

the purposes of this work, we use the baseline source filtering approach, in conjunction

with overlap-add, to generate the final output sources.

2.8 Complete Separation Algorithm

Given that we have discussed everything required to perform NMF/PLVM-based separa-

tion, we now outline a complete separation algorithm. In this case, the algorithm definition

is flexible in that it will perform unsupervised, supervised, or semi-supervised parameter

estimation via an NMF or PLCA algorithm depending, on the input arguments. As a result,

we do not need to individually reference the contrasting estimation procedures. Also note,

for simplicity, the number of basis vectors or latent components Nz is the same for each

sound source within a mixture. If desired, this can easily be generalized to vary according

to sound source.
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Algorithm 12 Complete NMF/PLCA Source Separation
Procedure NMF-PLCA-SEPARATION (

xm ∈ RNτ , // time-domain mixture signal

xs ∈ RNτs ∀s ∈ {1, ..., Nst}, // 0 ≤ Nst ≤ Ns time-domain training signals

Nz, // number of basic vectors

Ns, // number of sources

P // STFT parameters (hop size, DFT size, window size, window function)

)

// compute STFT and NMF-PLCA of training data

for all s ∈ Nst do
(Xs, 6 Xs)← STFT(xs, P )

(Ws,Hs)← NMF-PLCA(Xs, Nz/Ns)

end for

// compute STFT and NMF-PLCA of mixture signal data

(Xm, 6 Xm)← STFT(xm, P )

(W,H)← NMF-PLCA(Xm, Nz, [W1 W2 . . .WNst
])

// filter mixture according to NMF-PLCA output

for all s ∈ Ns do
Fs ←Ws Hs /W H // compute filter

X̂s ← Fs�X // filter mixture

xs ← ISTFT(X̂s, 6 Xm, P )

end for
return: time-domain signals xs, ∀s ∈ {1, ..., Ns}



Chapter 3

An Interactive Approach

3.1 Introduction

Given the complete background of NMF/PLVM-based separation methods, we now begin

discussion of our proposed interactive approach to source separation. We start from our

discussion in Section 1.4 and Section 1.5, where we outlined related work of user-guided

source separation and more generally interactive machine learning. As mentioned, there

has been a recent interest in user-guided source separation methods both commercially

and within the academic research community, spawning several intriguing and promising

separation approaches.

Each approach, however, has its specific limitations and, collectively, all past approaches

leave room for improvement for several general and significant reasons. Firstly, the sepa-

ration quality of even current state-of-the-art methods, which typically focus on restricted

problem domains (e.g., pitch-based separation, vocal extractions, etc.), do not achieve per-

fect separation, and commonly break down when applied to difficult situations. Secondly,

in past user-guided methods there is little to no emphasis on user-feedback, refinement,

and iteration, limiting how much an end-user can help inform the separation process (i.e.,

typically one-shot processes). And finally, it is unclear which previously discussed method

of user-input or combination thereof performs best, if any.

Because of these observations, in this work we try to fully embrace such pitfalls and

make one single, critical observation that guides our entire approach. That is, we take

67
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the stance that any separation algorithm (user-guided or not) will never work perfectly–at

least initially. Then, we seek to develop a mechanism to rapidly correct for mistakes in

the separation estimate outputs and refine the results. If we can carefully design such a

mechanism, even if it requires a significant effort on behalf of end-users, the approach will

be useful for those who are willing to spend the time. In this way, we place a significant

emphasis on user-feedback, refinement, and iteration.

As a result, we have chosen to denote our work as interactive, as described by the

Oxford dictionary as “allowing a two-way flow of information between a computer and

a computer-user,” rather than simply a one-way user-guided interaction. While a subtle

(and perhaps seemingly trivial) distinction, we believe two-way interactivity is immensely

beneficial and deserving of the distinction. In addition, this difference aligns our proposed

work with the research topic of interactive machine learning.

Given this high-level, philosophical approach, we now outline our primary design goals

for our proposed separation algorithm in Section 3.2, the proposed interaction design in

Section 3.3, and user-interaction analogies in Section 3.4. In Chapter 7, we further reflect

on the benefits and problems of our proposed approach.

3.2 Goals

The primary design goals of our proposed separation approach are to:

• Provide a professional-level audio editing tool for recording engineers, musicians,

and similar users to perform source separation for applications such as music remix-

ing and content creation.

• Allow end-users to use drawing and painting-like tools to control and interact with

the separation process in an intuitive, precise, and deliberate manner.

• Employ some form of NMF/PLVM separation technique to algorithmically perform

separation.

• Emphasize the use of fast, iterative user-feedback to improve separation quality over

time.
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• Achieve high-quality separation results, even if a significant effort and time is re-

quired on behalf of the end-user.

• Evaluate the work with inexperienced and expert users alike and compare to alterna-

tive and past approaches.

Following these design goals, we first outline the interaction paradigm below.

3.3 Interaction Design

To separate a single-channel recording, we allow end-users to annotate or paint on time-

frequency or spectrogram displays of sound. As opposed to exactly annotating each pixel

of the image, however, a user is instructed to roughly paint on salient, time, frequency, or

time-frequency regions that appear to correspond to one sound or another. We use color to

denote sound source and opacity as a measure of confidence or strength, giving a degree of

robustness to imprecise annotations.

Given the annotations, we perform an initial separation using an informed NMF/PLVM-

based separation algorithm, which we discuss in Chapter 4. Then, we allow the user to

listen to the separated outputs. If the results are unsatisfactory, the user can annotate errors

in the output estimates or further annotate the input, and iteratively re-run the process in

a quick, interactive manner until a desired result is achieved. Ideally, the time between

user-annotation and updated separation results will be on the order of seconds or less (Fails

and Olsen [48] mention a goal of five seconds or faster for image classification).

This interaction is depicted in a sequence of spectrogram displays in Fig. 1.1 and as

a single user-interface in Fig. 3.1. For simplicity, we focus on the task of simultaneously

separating one sound into two. To separate more than two sources (e.g., drums + vocals +

guitar), the complete separation process can be repeated several times (e.g., first separate

drums from vocals + guitar, then separate vocals from guitar). Note, however, there is

nothing limiting the algorithm or interface from simultaneously separating more than two

sources. Finally, we also depict the general, interactive machine learning feedback loop of

our proposed system in Fig. 3.2.
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Figure 3.1: The proposed interactive source separation user-interface. (Top) The input
mixture recording. (Middle) The first separated sound source (e.g., drums). (Bottom) The
second separated sound source (e.g., bass guitar). (All) Painting on the input mixture or
separated outputs will intelligently guide the separation process and dynamically update
the output results. Annotation color is used to denote sound source and opacity is used as a
measure of strength or confidence. Note, a single local annotation can have a global effect
on the separation quality.
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Figure 3.2: Interactive machine learning feedback-loop of our proposed method.
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3.4 Analogies

In designing this interaction, it was useful for us to think about two constructive analogies

from related media content creation paradigms. In the first analogy, we can compare our

proposed interaction to the process of extracting a layer (foreground, background, or other

type of layer) in an image editing program. The process of extracting an image layer

begins by a user defining what they wish to separate, taking a selection tool, clicking on

the background a few times, and then clicking “extract.”

If the layer is not completely separated, the process is repeated over and over in a rapid

manner until a desirable result is achieved. This iterative process, combined with smart

or intelligent selection tools, can be extremely powerful as demonstrated in the work of

Rother et al. [101] and is something we strive towards. For our case of source separation,

the “images” are time-frequency representations of sound, which have transparency (i.e.,

superposition property of sound) and consist of objects or sources that can have physically

disjoint parts (i.e., harmonics of a voice are disconnected in time-frequency regions).

(a) Initial picture. (b) Initial separation. (c) Total separation. (d) Remixed image.

Figure 3.3: To extract the background layer of an image, a user will separate small portions
of the background at a time in an iterative fashion to achieve the final, polished result.
Only when the feedback loop between the user’s action and the computer’s response is
sufficiently fast can a user effectively virtually sculpt (image license [102]).
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(a) Initial 3D object. (b) Lightly sculpted character. (c) Sculpted 3D monster.

Figure 3.4: To sculpt a three-dimensional animated character, a user will begin with primi-
tive shapes, and then gradually add and subtract material to sculpt the geometric mesh.

In the second analogy, we liken our proposed separation interaction to three-dimensional

sculpting. In the process of three-dimensional sculpting, such as those of Maya or Blender,

a user will typically take primitive geometric shapes, carefully add and subtract material

(using manual or more intelligent tools), and over the course of many hours, create their

finished product. This fast and iterative environment, which allows a user to push, pull,

and generally manipulate content, is something we again strive towards with our proposed

interaction and believe is critical in achieving high-quality separation results.



Chapter 4

Algorithm

4.1 Introduction

With the proposed interaction design specified, we can now discuss how we algorithmically

incorporate the user-annotations to inform our separation algorithm. In short, the basic idea

is to couple the user-annotations with a modified NMF/PLVM-based separation algorithm.

Then, if the user-annotations change, the separation algorithm is dynamically re-run from

scratch to consider the updated annotations, and the results are presented back to the user. In

this way, we very simply provide a feedback mechanism without having to explicitly model

the user, their actions, or anything similar such as would be required by reinforcement

learning.

To couple the time-frequency user-annotations to an NMF/PLVM-based separation al-

gorithm, we first render all the painting annotations from both the input and output displays

of Fig. 3.1 into matrices (one for each sound source). We denote the annotation matrices

as Λs ∈ RNf×Nt , ∀s ∈ {1, .., Ns} as shown in Fig. 4.1. Alternatively, we denote all an-

notation matrices together in a single, large tensor Λ ∈ RNf×Nt×Ns or Λ ∈ RNf×Nt×Nz ,

indexable by time, frequency, and source or latent component. Note Λftz = Λfts for all

values of z that correspond to source s.

We then map these matrices to supplementary (regularization) parameters or constraints

into the NMF/PLVM-based optimization objective. We do this to encourage or discourage

one group of frequency components (source) to explain a given time-frequency point of the

73
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mixture sound. Note, the mapping must be a function of time, frequency, and sound source.

In this way, we are still able to leverage the computational power of the probabilistic model

and incorporate expert user knowledge to guide the process.

⇤1

⇤2

Figure 4.1: NMF/PLVM with time-frequency user-annotations. All annotations across both
the input mixture and output results are rendered into two matrices, one for each sound
source. The optimal gray box depicts parameters that are estimated for PLCA, which can
optionally be absorbed into the timing activations as is the case for NMF.

By using this approach, we blend past manual time-frequency selection approaches with

more recently developed automatic learning-based separation algorithms and receive sev-

eral benefits. Firstly, this approach allows local annotations placed at one time-frequency

point to propagate throughout the recording via the NMF/PLVM procedure and have a

global effect on the separation estimation. Secondly, this minimizes the need for us to have

a complete set of annotations, as required by many past approaches, and allows a user to

get away with only annotating the salient time, frequency, or time-frequency regions of a

sound.

Thirdly, this allows us to perform NMF/PLVM-based separation with or without any

explicit isolated training data. This is because we can use the annotations in conjunction

with supervised, semi-supervised, or even unsupervised parameter estimation. In each case,
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the modification to the optimization objective is only applied to the final mixture and the

training steps remain the same.

Fourthly, the time-frequency annotations we elicit can actually be more informative

than isolated training data. This is because training data is only annotated according to

time and for our algorithm, some or all data is annotated according to time and frequency.

Because of this, it’s not surprising that our approach can outperform standard supervised,

semi-supervised, and unsupervised NMF/PLVM methods (as we demonstrate in Chapter

6).

4.2 A Probabilistic Latent Variable Model with

Time-Frequency Constraints

Considering this approach, we now build off of our discussion of PLVMs in Section 2.5 and

develop a new PLCA-based algorithm to incorporate the time-frequency user-annotations.

For clarity, we restate the form of the symmetric two-dimensional PLCA model we use,

p(f, t) =
∑
z

p(z)p(f |z)p(t|z). (4.1)

Compared to a modified NMF formulation, incorporating optimization constraints as a

function of time, frequency, and sound source into the factorized PLCA model is particu-

larly interesting, motivating our focus.

Incorporating prior information into this model, and PLVMs in general, can be done

in several ways. The most commonly used methods are by direct observations (i.e., set-

ting probabilities to zero, one, etc.) or by incorporating Bayesian prior probabilities on

model parameters. Direct observations do not give us enough control, so we consider in-

corporating Bayesian prior probabilities. For the case of Eq. (4.1), this would result in

independently modifying the factor terms p(f |z), p(t|z), or p(z). Common prior probabil-

ity distributions used for this purpose include Dirichlet priors [29, 28], gamma priors [36],

and others.

Given that we would like to incorporate the user-annotations as a function of time,
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frequency, and sound source, however, we notice that this is not easily accomplished using

standard priors. This is because our model is factorized and each factor is only a function

of one variable and (possibly) conditioned by another, making it difficult to construct a

set of prior probabilities that, when jointly applied to p(f |z), p(t|z), and/or p(z), would

encourage or discourage one source or another to explain a given time-frequency point.

We can see this more clearly when we consider PLCA to be the following simplified

estimation problem:

X(f, t) ≈ φ(z)φ(f, z)φ(t, z), (4.2)

where X(f, t) is observed data that we model as the product of three distinct functions

or factors φ(z), φ(f, z), and φ(t, z). Note, each factor has different input arguments and

each factor has different parameters that we wish to estimate via EM. Also, forget for the

moment that the factors must be normalized probabilities.

Given this model, if we wish to incorporate additional information, we could indepen-

dently modify:

1. φ(z) to incorporate past knowledge of the variable z

2. φ(f, z) to incorporate past knowledge of the variable f and z

3. φ(t, z) to incorporate past knowledge of the variable t and z

This way of manipulation allows us to maintain our factorized form and can be thought of as

prior-based regularization. If we would like to incorporate additional information/regularization

that is a function of all three variables z, f, t, however, we must do something else. The

first option would be to try to simultaneously modify all factors together to impose regu-

larization that is a function of all three variables. This is unfortunately very difficult–both

conceptually difficult to construct and practically difficult to algorithmically solve.

This motivates the use of posterior regularization (PR). PR provides us with an algorith-

mic mechanism via EM to incorporate constraints that are complementary to prior-based

regularization. Instead of modifying the individual factors of our model as we saw before,

we directly modify the posterior distribution of our model.The posterior distribution of our

model, very loosely speaking, is a function of all random variables of our model. It is



CHAPTER 4. ALGORITHM 77

natively computed within each E step of EM and is required to iteratively improve the es-

timates of our model parameters. In this example, the posterior distribution would be akin

to φ(z, f, t), which is a function of t, f, and z, as required. We now formally discuss PR

below, beginning with a general discussion and concluding with the specific form of PR we

employ within our approach.

4.2.1 Posterior Regularization

The framework of posterior regularization, first introduced by Graça, Ganchev, and Taskar

[34, 103, 103, 35], is a relatively new mechanism for injecting rich, typically data-dependent

constraints into latent variable models using the EM algorithm. In contrast to standard

Bayesian prior-based regularization, which applies constraints to the model parameters of

a latent variable model in the maximization step of EM, posterior regularization applies

constraints to the posterior distribution (distribution over the latent variables, conditioned

on everything else) computation in the expectation step of EM. The method has found suc-

cess in many natural language processing tasks, such as statistical word alignment, part-of-

speech tagging, and similar tasks that involve latent variable models.

We see the basic idea of posterior regularization more clearly when we analyze the

generalized EM algorithm presented in Section 2.5.2. In this case, what we do is constrain

the distribution q in some way when we maximize the auxiliary boundF(q,Θ) with respect

to q in the expectation step of an EM algorithm, resulting in a

qn+1 = arg min
q

KL(q||p) + Ω(q), (4.3)

where Ω(q) constrains the possible space of q.

Note, the only difference between Eq. (4.3) and our past discussion on EM is the added

term Ω(q). If Ω(q) is set to zero, we get back the original formulation and easily solve the

optimization by setting q = p without any computation (except computing the posterior p).

Also note, to denote the use of constraints in this context, the term “weakly-supervised”

was introduced by Graça [103] and is similarly adopted here.

This method of regularization is in contrast to prior-based regularization, where the
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modified maximization step would be

Θn+1 = arg max
Θ

F(qn+1,Θ) + Ω(Θ), (4.4)

where Ω(Θ) constrains the model parameters Θ as opposed to Eq. (2.31). The only differ-

ence between Eq. (4.4) and our past discussion regarding EM is the added term Ω(Θ). If

Ω(Θ) is set to zero, we get back the original formulation.

4.2.2 Linear Grouping Expectation Constraints

Given the general framework of posterior regularization, we need to define a meaningful

penalty Ω(q) for which we map our annotations. We do this by mapping the annotation

matrices to linear grouping constraints on the latent variable z. To do so, we first notice

that Eq. (4.3) decouples for each time-frequency point for our specific model. Because

of this, we can independently solve Eq. (4.3) for each time-frequency point, making the

optimization much simpler. When we rewrite our E step optimization this using vector

notation, we get
arg min

q
− qT

ft ln pft + qT
ft ln qft

subject to qT
ft 1 = 1, qft ≥ 0,

(4.5)

where q and p(z|f, t) for a given value of f and t is written as qft and pft. Without any

modification, we note q is optimal when equal to p(z|f, t) as before.

We then apply our linear grouping constraints independently for each time-frequency

point,
arg min

q
− qT

ft ln pft + qT
ft ln qft + qT

ft λft

subject to qT
ft 1 = 1, qft ≥ 0,

(4.6)

where we define λft = [Λft1 . . .Λft1Λft2 . . .Λft2]
T ∈ RNz as the vector of user-defined

penalty weights, T is a matrix transpose, ≥ is element-wise greater than or equal to, and 1

is a column vector of ones. In this case, positive-valued penalties are used to decrease the

probability of a given source, while negative-valued coefficients are used to increase the

probability of a given source. Note, the penalty weights imposed on the group of values of
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z that correspond to a given source s are identical, linear with respect to the z variables,

and applied in the E step of EM, hence the name “linear grouping expectation constraints.”

To solve the above optimization problem for a given time-frequency point, we form the

Lagrangian

L(qft, γ) = −qT
ft ln pft + qT

ft ln qft + qT
ft λft + γ(1− qT

ft 1)

with γ being a Lagrange multiplier, take the gradient with respect to q and γ

∇qft L(qft, γ) = − ln pft + 1 + ln qft +λft − γ 1 = 0 (4.7)

∇α L(qft, γ) = (1− qT
ft 1) = 0 (4.8)

set equations Eq. (4.7) and Eq. (4.8) equal to zero, and solve for qft, resulting in

qft =
pft � exp{−λft}

pT
ft exp{−λft}

(4.9)

where exp{} is an element-wise exponential function.

Notice the result is computed in closed-form and does not require any iterative opti-

mization scheme as may be required in the general posterior regularization framework [34],

minimizing the computational cost when incorporating the constraints. Also note, however,

that this optimization must be solved for each time-frequency point of our spectrogram data

for each E step iteration of our final EM parameter estimation algorithm.

4.2.3 Parameter Estimation

Now knowing the posterior-regularized expectation step optimization, we can derive a com-

plete EM algorithm for a posterior-regularized two-dimensional PLCA model (PR-PLCA).

The modification becomes only a small change to the original PLCA algorithm, which

replaces equation Eq. (2.42) with

q(z|f, t)← p(z)p(f |z)p(t|z)Λ̃ftz∑
z′ p(z

′)p(f |z′)p(t|z′)Λ̃ftz′
(4.10)
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where Λ̃ = exp{−Λ}. The entire algorithm is outlined in Algorithm 13. Notice, we

continue to maintain closed-form E and M steps, allowing us to optimize further and draw

connections to multiplicative non-negative matrix factorization algorithms.
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Algorithm 13 PR-PLCA with Linear Grouping Expectation Constraints
Procedure PR-PLCA (

V ∈ R
Nf×Nt
+ , // observed normalized data

Nz, // number of basic vectors

Ns // number of sources

Λ ∈ RNf×Nt×Nz // penalties

)

initialize: feasible p(z), p(f |z), and p(t|z)

precompute: Λ̃← exp{−Λ}
repeat

expectation step

for all z, f, t do

q(z|f, t)← p(z)p(f |z)p(t|z)Λ̃ftz∑
z′ p(z

′)p(f |z′)p(t|z′)Λ̃ftz′
(4.11)

end for
maximization step

for all z, f, t do

p(f |z) ←
∑

t Vftq(z|f, t)∑
f ′
∑

t′ Vf ′ t′q(z|f ′ , t′)
(4.12)

p(t|z) ←
∑

f Vftq(z|f, t)∑
f ′
∑

t′ Vf ′ t′q(z|f ′ , t′)
(4.13)

p(z) ←
∑

f

∑
t Vftq(z|f, t)∑

z′
∑

f ′
∑

t′ Vf ′ t′q(z
′ |f ′ , t′) (4.14)

end for
until convergence

return: p(f |z), p(t|z), p(z), and q(z|f, t)
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4.2.4 Multiplicative Update Equations

To compare the proposed method to the multiplicative form of the PLCA algorithm out-

lined in Algorithm 7, we can rearrange the expressions in Algorithm 13 and convert to

a multiplicative form following similar methodology to Smaragdis and Raj [90]. Re-

arranging the expectation and maximization steps, in conjunction with Bayes’ rule, and

Z(f, t) =
∑

z p(z)p(f |z)p(t|z)Λ̃ftz, we get

q(z|f, t) =
p(f |z)p(t, z)Λ̃ftz

Z(f, t)
(4.15)

p(t, z) =
∑
f

Vftq(z|f, t) (4.16)

p(f |z) =

∑
t Vftq(z|f, t)∑

t p(t, z)
(4.17)

p(z) =
∑
t

p(t, z) (4.18)

Rearranging further, we get

p(f |z) =
p(f |z)

∑
t
VftΛ̃ftz

Z(f,t)
p(t, z)∑

t p(t, z)
(4.19)

p(t, z) = p(t, z)
∑
f

p(f |z)
VftΛ̃ftz

Z(f, t)
(4.20)

which fully specifies the iterative updates. By putting Eq. (4.19) and Eq. (4.20) in matrix

notation, we specify the multiplicative form of the proposed method in Algorithm 14.
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Algorithm 14 PR-PLCA with Linear Grouping Expectation Constraints in Matrix Notation
Procedure PR-PLCA (

V ∈ R
Nf×Nt
+ , // observed normalized data

Nz, // number of basis vectors

Ns // number of sources

Λs ∈ RNf×Nt , ∀ s ∈ {1, .., Ns} // penalties

)

initialize: feasible W ∈ R
Nf×Nz
+ and H ∈ RNz×Nt

+

precompute:
for all s do

Λ̃s ← exp{−Λs} (4.21)

Xs ← V� Λ̃s (4.22)

end for
repeat

Γ←
∑
s

(Ws Hs)� Λ̃s (4.23)

for all s do

Zs ←
Xs

Γ
(4.24)

W(s) ← Ws�
Zs HT

s

1 HT
s

(4.25)

H(s) ← Hs� (WT
s Zs) (4.26)

end for
until convergence

return: W and H
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4.2.5 Computational Cost

Neglecting the pre-computation step in Algorithm 14, we consider the increase in compu-

tational cost at each EM iteration of the proposed method over the standard PLCA update

equations in Algorithm 7. We notice that only Eq. (4.23) and Eq. (4.24) add computation

compared to their counterpart of Eq. (2.48) in Algorithm 7 as a result of careful index-

ing of Eq. (4.25) and Eq. (4.26). Additionally, Eq. (2.48) of Algorithm 7 consists of an

O(NfNtNz) matrix multiplication and an O(NfNt) element-wise matrix division.

In contrast, Eq. (4.23) and Eq. (4.24) of Algorithm 14 consist of an O(NfNtNz) matrix

multiplication, and an O(NsNfNt) element-wise matrix multiplication, division, and ad-

dition. In total, the difference is only an O(NfNtNs) element-wise matrix multiplication,

division, and addition per EM iteration. As a result, the entire added cost per EM iteration

for small Ns (typically two) is low and found to be acceptable in practice.

4.3 Modeling and Separating Mixtures

Now that we have discussed our proposed NMF/PLVM method given an arbitrary spectro-

gram V, we must discuss how the method is used to model mixture sounds and perform

separation. To do so, we follow the discussion of Section 2.6 and Section 2.7 directly to

perform unsupervised, supervised, and semi-supervised separation, but in this case with

user-interaction. Each of these three cases is discussed below.

4.3.1 Unsupervised

To perform separation with user-interaction in conjunction with what is typically thought of

as unsupervised parameter estimation, we follow the illustration of Fig. 4.1 and Algorithm

14. That is, we partition the model parameters of our PLCA model into distinct groups,

associate the groups with each sound source present in the mixture, and then simultaneously

estimate all parameters (i.e., W and H) of our model and leverage the user-annotations to

steer the estimation process so that each group of parameters independently explains each

sound source.
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We depict the process of user-interaction in Fig. 4.2 using simplex diagrams. On the

left, we show the use of standard unsupervised NFM/PLVM estimation using three basis

vectors per sound source identical to Fig. 2.11 in Section 2.6.1. Note, ideally the basis

vectors for each source (5 and 4) and their corresponding convex hulls should surround

their respective spectra data points (x and +). On the right, we show the use of our proposed

interactive approach, where we interactively tune the regularization parameters to learn

better basis vectors and timing activations (not depicted) from a mixture. While not perfect,

the results on the right are a drastic improvement.
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Figure 4.2: A 2-simplex diagram illustrating unsupervised separation with and without
interaction. (Left) The basis vectors of the first source and the second source are learned
in a unsupervised manner. (Right) With interaction, the proposed method results in better
estimates of the basis vectors for both sound sources compared to standard PLCA.

4.3.2 Supervised Separation

To perform separation with user-interaction in conjunction with supervised parameter es-

timation, we can follow the procedure described in Section 2.6.2 with slight modification.

That is, we can independently pre-learn groups of basis vectors for each sound source using

isolated training data, concatenate all basis vectors together, and then perform parameter

estimation on our mixture recording using Algorithm 14, albeit holding the pre-learned

basis vectors fixed and considering the user-annotations. This is illustrated in Fig. 4.3.
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Figure 4.3: Supervised NMF/PLVM with user-interaction performed on drum and bass
guitar recordings. (Top) Independent models are estimated: one using a recording of bass
guitar and the other using a recording of drums. (Bottom Left) The basis vectors of the bass
guitar and drum model are concatenated. (Bottom Right) The gains or weights of the new,
larger model are estimated using the painting annotations, while the pre-computed basis
vectors are held fixed.

We depict the process of supervised separation with user-interaction in Fig. 4.4 using

simplex diagrams. In this case, we do not illustrate the adaptation of basis vectors, but

how an individual mixture point is separated using pre-computed basis vectors. On the left,
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we show the use of standard supervised separation of two sound sources, where we pre-

learn the basis vectors for each source, and then attempt to separate a single mixture spectra

point. The original, ground-truth separated source points are shown alongside the estimated

separated sources. On the right, we interactively tune the regularization parameters so that

the original and estimated source points align more precisely. While the original separation

estimates are reasonably close to the ground-truth points, we can achieve even better results

using the proposed method.
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Figure 4.4: A 2-simplex diagram illustrating the reconstructions of the mixture and indi-
vidual sources when using supervised separation with and without user-interaction. In both
cases, the mixture is well reconstructed. However, the reconstruction error of the individual
sources is noticeably higher using standard PLCA (left) compared to the proposed method
(right).

4.3.3 Semi-Supervised

Finally, to perform separation with user-interaction in conjunction with standard semi-

supervised separation, we follow our discussion from Section 2.6.3. In this case, we pre-

learn one or more groups of basis vectors using isolated training data and then, given a

mixture recording, learn the remaining basis vectors and all timing activations with the

user-annotations using Algorithm 14, as illustrated in Fig. 4.5.
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Figure 4.5: Semi-supervised NMF/PLVM with user-interaction performed on drum and
bass guitar recordings. (Top) A single factorization of an isolated drum recording. (Bottom
Left) The basis vectors of the bass guitar and drum model are concatenated. (Bottom Right)
The gains or weights of the new, larger NMF model are estimated with user-interaction,
while the pre-computed basis vectors are held fixed.

We also depict the process of semi-supervised separation with user-interaction in Fig. 4.6

using simplex diagrams. In this case, we illustrate the adaptation via only the basis vectors

that are inferred from a mixture. On the left, we show the use of standard semi-supervised

separation of two sound sources, where we pre-learn the basis vectors for one source and
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infer the basis vectors for the other source from a mixture recording. On the right, we inter-

actively tune the regularization parameters so that the inferred basis vectors for the second

source more accurately bound the second source spectra points.
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Figure 4.6: A 2-simplex diagram illustrating semi-supervised separation. The basis vectors
of the first source are learned in a supervised manner, while the basis vectors of the second
source are learned via semi-supervised learning. The proposed method (right) results in
better estimates of the second source basis vectors compared to standard PLCA (left).

4.4 Compete Separation Algorithm

To perform our complete separation algorithm, we need to run a modified version of the

original NMF/PLVM separation procedure, which allows us to both elicit and incorporate

the user-annotations. The complete process is specified in Algorithm 15. As before, we

define an alternative interface to the NMF/PLCA estimation procedure to allow an optional

input argument of pre-learned basis vectors, which are held fixed. In addition, we also use

the source filtering approach to separation and use the output of our NMF/PLVM model

to create a time-frequency masking filter, as described in Section 2.7.2. The filter for each

source is then applied to the original mixture recording to complete the separation process.
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Algorithm 15 Complete Interactive NMF/PLVM Source Separation
Procedure INTERACTIVE-SEPARATION (

xm ∈ RNτ , // time-domain mixture signal

xs ∈ RNτs ∀s ∈ {1, ..., Nst}, // 0 ≥ Nst ≥ Ns time-domain training signals

Nz, // number of basis vectors

Ns, // number of sources

P // STFT parameters

)

precompute:
// compute STFT and NMF-PLCA of training data

for all s ∈ Nst do
(Xs, 6 Xs)← STFT(xs, P )

(Ws,Hs)← NMF-PLCA(Xs, Nz/Ns)

end for

// compute STFT of mixture signal data

(Xm, 6 Xm)← STFT(xm, P )

repeat

input: user-annotated penalties Λs ∈ RNf×Nt , ∀ s ∈ {1, .., Ns}

(W,H)← PR-PLCA(Xm, Λs ∀ s, Nz, Ns, [W1 W2 . . .WNst
])

for all s ∈ Ns do
Fs ←Ws Hs /W H // compute filter

X̂s ← Fs�X // filter mixture

xs ← ISTFT(X̂s, 6 Xm, P )

end for

until satisfied

return: time-domain signals xs, ∀s ∈ {1, ..., Ns}



Chapter 5

Implementation and Software Design

5.1 Introduction

To fully embody our proposed source separation interaction paradigm and algorithm, we

developed a new software system called ISSE - An Interactive Source Separation Editor

[104]. ISSE is a free, open-source audio editing tool that allows a user to separate a single

recording of a mixture of sounds into two sources using drawing and painting tools. In this

chapter, we discuss implementation issues in Section 5.2, including third-party software

libraries and computation speed, and present several screenshots of the current version of

our software in Section 5.3. To download the software (application and/or code), please

see http://ccrma.stanford.edu/˜njb/thesis.

5.2 Implementation Details

The proposed system is written in the C++ programing language for efficiency purposes.

It is built for OSX, Windows, and Linux operating systems (32 and 64-bit), and licensed

under the GNU General Public License Version 3 [105]. Features include audio play-

back/transport control, spectrogram viewing with zoom controls, paintbrush tools, undo/redo,

file saving/loading, mute/solo/volume control, and a fully multithreaded user interface and

processing architecture. Current painting tools include time select, frequency select, box

select, training select (used to select isolated training data if available), and a spray-paint
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brush.

We also allow users to change the spectrogram visualization rendering settings such as

the color map and clip limit, to change the painting colors and adjust the audio input/output

routing and latency settings. In addition, a majority of the main functionality of the software

has keyboard shortcuts to enable fast usage.

5.2.1 Third Party Libraries

The software is heavily dependent on several third-party, open-source libraries, including

JUCE [106], Eigen [107], and FFTW [108]. JUCE, or Jules Utility Class Extensions, is a

large, open-source, cross-platform C++ class library and is used for all user-interface and

audio-playback functionality. Eigen is a high-performance, open-source, cross-platform

C++ template library for linear algebra, matrices, vectors, solvers, and related algorithms

and is used for the core signal processing/machine learning-based separation algorithm.

FFTW is an open-source, cross-platform C subroutine library for computing fast Fourier

transforms and is used for all fast Fourier transform operations needed for both the spec-

trogram displays and the separation algorithm.

5.2.2 Computation Speed

Finally, because of our emphasis on interactivity, we briefly comment on the computational

speed of our proposed approach. Fig. 5.1 depicts the time it takes our system to react to a

user annotation, re-estimate the separation results, and present the results back to the user.

Results are shown as a function of the input file length using high-quality (44.1kHz sam-

pling rate) and low-quality (16kHz sampling rate) settings of the algorithm. We also plot

the file lengths and computation time of the five tasks of our user study (to be discussed).

As shown, our algorithm is unfortunately linearly dependent on the input file length.

Even though our algorithm is faster than real-time, this limits the degree of interactivity

for files longer than 20-30 seconds. Fortunately, however, the recent work of Battenberg

and Wessel [109] shows that graphics processing unit (GPU) implementations of similar

separation algorithms can be increased over 30x, potentially allowing for a much higher-

degree of feedback in future implementations.
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Figure 5.1: Computation Speed. Overall time (black, x, solid line), PLCA time (red, circle,
dash-dot line), STFT time (blue, plus, dashed line), and user studies tasks (black, star,
numbers) are shown for high-quality (44.1kHz, slower lines) and low-quality (16kHz, faster
lines) audio sample rates.

5.3 Screenshots

In this section, we provide several screenshots of our current user-interface. The screen-

shots include the Multi Paint View in Fig. 5.2, the Single Paint View in Fig. 5.3 and Fig. 5.4,

and the Settings View in Fig. 5.5.

In the Multi Paint View, a user can listen, view, and paint on the input mixture recording

(top track) and the separated outputs (middle and bottom track). In the Single Paint View, a

user can view a single, selected track from the Multi Paint View on a larger display (either

the input or one of the two outputs). These two views encompass the central functional-

ity of ISSE, in addition to the Settings View, which allows a user to dynamically control

properties of the separation algorithm, such as the short-time Fourier transform or other

parameters, and the number of basis vectors.
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Figure 5.2: The Multi Paint View. In the Multi Paint View, a user can listen and annotate
both the input and outputs of the separation process.
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Figure 5.3: The Single Paint View. In the Single Paint View, a user can view and listen to
a single, selected track on a larger display.
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Figure 5.4: The Single Paint View zoomed in. In this example, the harmonics of a voice,
which are annotated in green, have a great deal of time-frequency overlap with the harmon-
ics of a guitar in the background.
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Figure 5.5: The Settings View. In this view, different parameters of the separation can be
dynamically modified.



Chapter 6

Evaluation

6.1 Introduction

To evaluate our proposed methodology and developed software system, we performed an

initial separation quality comparison, performed user studies to test novice users’ ability

to use our software, submitted separation results to an international separation evaluation

campaign, and produced several additional musical sound examples. We discuss the results

from each in Sections 6.3, 6.4, 6.5, and 6.6, respectively. Before each of those sections,

however, we first outline our evaluation methodology in Section 6.2.

6.2 Evaluation Methodology

In order to effectively measure separation quality, we use a suite of objective evaluation

metrics as well as a suite of pseudo-subjective evaluation scores. The first set of metrics is

called the BSS-EVAL metrics for blind signal separation evaluation, developed by Vincent

et al. [110], and the second set of metrics is called the PEASS scores, which stands for

Perceptual Evaluation methods for Audio Source Separation and was developed by Emiya

et al. [111]. We discuss each in Section 6.2.1 and Section 6.2.2, respectively.

Using these metrics, we compare our approach to past methods, a standard baseline

algorithm, and standard ideal oracle algorithms. Comparing against past approaches allows

us to see how well we perform relative to prior work. Comparing against a standard baseline
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allows us to get an idea of how well we are performing relative to an algorithm that achieves

no separation. Comparing against ideal oracle algorithms allow us to compare our results

to the best possible results for the general class of algorithms we are using (i.e., time-

frequency soft mask filtering). The latter point is of significant interest because the BSS-

EVAL metrics and PEASS scores do not provide a normalized, scaled score (i.e., between

zero and one), are dependent on the recording length, and are dependent on the original

source material, making it difficult to judge what is a low and high score. We discuss the

baseline algorithm in Section 6.2.3 and the ideal algorithm in Section 6.2.4.

6.2.1 BSS-EVAL Metrics

To measure the separation quality, we first use the standard BSS-EVAL suite of objective

source separation evaluation metrics [110]. The suite includes several separate measure-

ments including the Source-to-Interference Ratio (SIR), Source-to-Artifacts Ratio (SAR),

and Source-to-Distortion Ratio (SDR). The SIR measures the level of suppression of the

unwanted sources, the SAR measures the level of artifacts introduced by the separation pro-

cess, and the SDR gives an average measure of separation quality that considers both the

suppression of the unwanted sources and the level of artifacts introduced by the separation

algorithm compared to ground truth. All three of the metrics are statistical measures and

are computed by comparing the estimated separated source signals to the original unmixed

recordings of a given mixture sound.

In more detail, the SDR, SAR, and SIR are computed by decomposing the estimated

separated source signals x̂s via

x̂s = xtarget + einterf + enoise + eartif , (6.1)

where xtarget is the target ground-truth source within a specified tolerance, einterf is an

interference error signal, enoise is a noise error term, and eartif is an artifact error term. To

compute each of these terms, a signal projection-based scheme is used, with details found

in the work of Vincent et al. [110]. The individual elements of the decomposition are then

used in various forms to compute the SDR, SAR, and SIR metrics, which all have units of

decibels (dB) and consider higher values to be better.
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The Source-to-Artifacts Ratio (SAR) is defined as

SAR := 10 log10

||starget + einterf + enoise||2
||eartif ||2

, (6.2)

the Source-to-Interference Ration (SIR) is defined as

SIR := 10 log10

||starget||2
||einterf ||2

, (6.3)

and the Source-to-Distortion Ration (SDR) is defined as

SDR := 10 log10

||starget||2
||einterf + enoise + eartif ||2

. (6.4)

6.2.2 PEASS Metrics

In contrast to the completely objective BSS-EVAL metrics, an alternative approach for

evaluation is the PEASS evaluation scores developed by Emiya et al. [111]. The PEASS

scores attempt to measure the perceived quality of the estimated source signal using four in-

dividual measures: the Overall Perceptual Score (OPS), the Interference-related Perceptual

Score (IPS), the Artifact-related Perceptual Score (APS), and the Target-related Perceptual

Score (TPS).

They do so by correlating objective statistical measures such as the SDR, SAR, and

SIR metrics with perceptual listening test results in an effort to learn a perceptual scoring

function. The learned scoring function is then applied to new, unforeseen separation results

in a standard fashion. The OPS, IPS, and APS are analogous to the SDR, SIR, and SAR,

respectively, and the TPS corresponds to something called the image-to-spatial distortion

ratio (ISR), which measures spatialization accuracy. Because the technical development of

these scores is somewhat involved, we do not address their operation further.

6.2.3 Baseline Separation Algorithm

To compute our baseline separation algorithm, we use a standard unsupervised NMF/PLVM-

based separation algorithm, as discussed in Section 2.6.1. We can think of this baseline as
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an empirical lower bound on separation quality for which we should always perform better

(though it is possible to perform worse than the baseline). Also, using a standard unsuper-

vised separation algorithm as a baseline makes it easy for us to compare our approach with

and without user-interaction and directly see the benefit of interaction. Note, however, that

the baseline algorithm would never be used in practice.

When we use an unsupervised NMF/PLVM-based separation, we must decide the di-

vergence function, the STFT parameters, and the number of basis vectors we allocate to

each source within a mixture. In this work, we always use the KL divergence and set the

STFT parameters and number of basis vectors to be the same as whatever separation al-

gorithm we are comparing against. If the opposing separation algorithm does not have an

option to choose the number of basis vectors and/or STFT parameters, we set the number of

basis vectors to a large number (e.g., 50 basis vectors per source) and the STFT parameters

according to common conventions.

6.2.4 Ideal Oracle Separation Algorithm

To compute our ideal oracle separation algorithm, we use the ideal soft mask algorithm.

This algorithm replaces our NMF/PLVM separation algorithm and simply uses the ground

truth unmixed source signals that compose a given mixture to “perform separation.” More

specifically, the ground truth recordings are used to compute the source filter Fs as de-

scribed in Section 2.7.2, using the following procedure:

1. Compute the STFT magnitude Vm of a given mixture recording.

2. Compute the STFT magnitude of each ground truth source recording Vs that was

used to create the mixture.

3. Create the source filter Fs via

Fs =
Vs

Vm

. (6.5)

This filter is called an ideal soft mask filter and is applied to the original mixture STFT

magnitude and phase in standard fashion. Alternatively, the filter Fs can be quantized so

all elements of are either zero or one. This quantized form, called an ideal binary mask, is
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common in the computational auditory scene analysis and speech denoising communities,

and is used for comparison in the signal separation evaluation campaign.

When the soft mask filter is used, notice that all we are doing is computing the STFT

of each source signal, replacing the phase of an individual source with the mixture phase,

and then inverting back to the time-domain to create the estimated separation estimates.

This simulates a perfect estimation of the source signal STFT magnitudes and an imperfect

phase estimate. Because we simply use the mixture phase in our proposed approach, the

ideal soft mask separation algorithm gives us an empirical upper bound for which we can

strive to achieve (note, however, it is possible to perform better than the oracle).

6.3 Initial Results

To test the proposed method using these evaluation metrics, we used our developed soft-

ware system to perform separation on two test sets of sound examples. For the first compar-

ison, denoted “example suite,” we created five real-world mixture sounds, each with two

sound sources, and then performed unsupervised, supervised, and semi-supervised sep-

aration with and without user-interaction. This allows us to compare how each method

fares when compared to one another and the ideal soft mask algorithm. For the second

comparison, we tested four example rock/pop songs from the Signal Separation Evaluation

Campaign (SiSEC) 2011 database [112] with the challenge of removing vocals from back-

ground music over the course of thirty minutes. For a full description of each test, please

see Section 6.3.1 and Section 6.3.2, respectively.

6.3.1 Example Suite

For our example suite, we created five mixture sounds, including: ambulance siren + speech

(S), cell phone ring + speech (C), drum + bass loop (D), orchestra + coughing (O), and pi-

ano chords + incorrect piano note (P). To do so, the original ground truth sources for each

example were normalized to have a maximum of 0 dB gain and summed together to create

the mixture sound. Then, we used our developed software system to separate the mixture
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recordings using unsupervised, supervised, and semi-supervised separation with and with-

out user-interaction and a fixed number of basis vectors Nz = 100 + 100. For supervised

separation, the original unmixed tracks were used for training. For semi-supervised sepa-

ration, we used the regions of the mixture data in which only one source was present for

training data.

We display the complete SDR, SAR, and SIR evaluation results in Table 6.1, 6.3, and

6.2. We also illustrate an example set of input and output spectrograms in Fig. 6.1 for the

case of the cell phone example using semi-supervised separation. Notice how the proposed

method significantly outperforms standard PLCA with minimal user interaction (only a

single harmonic of a single ring is annotated).

In all cases, the user-interaction increases the SDR, SAR, and SIR for supervised, semi-

supervised, and unsupervised separation. The improvement in performance is greatest for

unsupervised separation, then semi-supervised separation, and then supervised separation,

as expected. In certain cases, our method even approached the quality of the ideal mask.

When we analyze which of the learning procedures performs best, we notice that typi-

cally supervised separation with user-interaction performs best. Surprisingly, supervised

separation with interaction, however, is not always the winning algorithm. Occasionally,

unsupervised separation with user-interaction can actually perform best.

EXAMPLE IDEAL SUPERVISED SEMI-SUPERVISED UNSUPERVISED

CELL 30.7 29.2 / 27.6 28.4 / 06.5 28.8 / -0.6

DRUM 14.8 09.7 / 08.5 07.7 / 03.9 10.0 / 00.2

COUGH 15.8 14.0 / 12.5 12.0 / 10.5 13.8 / -2.1

PIANO 26.1 26.0 / 21.6 14.9 / 08.4 23.1 / 01.1

SIREN 27.8 23.8 / 18.9 21.0 / 19.9 24.2 / -4.2

Table 6.1: Initial SDR (dB) results with (left) and without interaction (right).
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EXAMPLE IDEAL SUPERVISED SEMI-SUPERVISED UNSUPERVISED

CELL 39.6 39.8 / 33.3 39.1 / 19.1 39.6 / 1.1

DRUM 20.5 17.9 / 12.1 16.5 / 8.8 19.6 / 1.4

COUGH 22.6 20.8 / 16.2 18.6 / 17.3 21.9 / 1.8

PIANO 29.9 29.8 / 24.5 21.7 / 9.7 29.2 / 1.6

SIREN 36.2 33.7 / 23.8 29.1 / 26.0 36.0 / 2.5

Table 6.2: Initial SIR (dB) results with (left) and without interaction (right).

EXAMPLE IDEAL SUPERVISED SEMI-SUPERVISED UNSUPERVISED

CELL 31.3 29.7 / 29.2 28.9 / 15.8 29.2 / 11.4

DRUM 16.3 10.7 / 13.9 8.5 / 12.1 10.6 / 9.9

COUGH 17.4 15.2 / 15.6 14.4 / 11.6 15.3 / 7.3

PIANO 28.9 28.9 / 25.0 15.9 / 14.6 25.3 / 14.4

SIREN 28.7 25.3 / 20.7 22.1 / 21.6 25.2 / 6.2

Table 6.3: Initial SAR (dB) results with (left) and without interaction (right).
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Figure 6.1: (First Row) A mixture spectrogram of speech + cell phone. (Second Row)
Initial separated speech (left) and cell phone (right) after semi-supervised PLCA. (Third
Row) Painting annotation overlaid on the incorrectly separated regions. Note: only a single
harmonic of a single ring is annotated. (Bottom) Refined separated speech and cell phone.

6.3.2 Vocal Separation

For a second test, we tested our proposed separation algorithm on the task of separating

vocals from background music. We used four example rock/pop songs (S1, S2, S3, S4)

from the training set of the Signal Separation Evaluation Campaign (SiSEC) 2011 database

[112]. We then used our software system over the course of thirty minutes to perform sepa-

ration using fixed number of basis vectors Nz = 100+100, and then compared our method
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against competitive user-guided separation methods, including the method of Lefèvre et al.

[32] and Durrieu et al. [31].

The complete the SDR, SIR, and SAR results are shown in Tables 6.4, 6.5, and 6.6,

respectively. As shown, our proposed method outperforms the baseline, the method of

Lefèvre, and the method of Durrieu in all metrics for all examples. Note, the method of

Durrieu previously ranked best SDR on average for the 2011 SiSEC evaluation campaign

for removing vocals. In addition, in certain cases, the proposed method is only one or two

decibels away form the ideal soft mask, which is a promising result.

EXAMPLE ORACLE BASELINE LEFÈVRE DURRIEU PROPOSED

SONG 1 13.2 -0.8 7.0 9.0 9.2

SONG 2 13.4 0.2 5.0 7.8 11.1

SONG 3 11.5 -0.2 3.8 6.4 7.8

SONG 4 12.5 1.4 5.0 5.9 7.9

Table 6.4: SDR (dB) results for vocal extraction of four SiSEC rock/pop songs.

EXAMPLE ORACLE BASELINE LEFÈVRE DURRIEU PROPOSED

SONG 1 17.8 0.5 13.0 16.4 17.4

SONG 2 18.0 1.6 14.1 16.8 20.1

SONG 3 17.5 0.9 8.8 13.0 14.8

SONG 4 19.5 3.1 11.5 12.6 13.8

Table 6.5: SIR (dB) results for vocal extraction of four SiSEC rock/pop songs.

EXAMPLE ORACLE BASELINE LEFÈVRE DURRIEU PROPOSED

SONG 1 15.4 8.9 8.9 10.5 10.7

SONG 2 15.4 8.5 7.3 9.0 12.0

SONG 3 13.1 8.8 6.1 8.0 9.0

SONG 4 13.6 10.0 6.5 8.3 9.5

Table 6.6: SAR (dB) results for vocal extraction of four SiSEC rock/pop songs.
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6.3.3 Model Selection

Finally, to show how the proposed method behaves when varying the number of basis

vectors per source, we performed separation on the example suite, then with the annotations

fixed, varied the number of basis vectors and recomputed the results. Fig. 6.2 displays the

SDR for the experiment, which shows that the method is relatively insensitive to changes in

Nz, as long as the size is sufficiently large. This is notable in that, unlike standard methods,

the proposed method does not require the use of model selection to decide the number of

basis vectors to use for a given separation task.
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Figure 6.2: Comparison of SDR (in dB) to the number of basis vectors per source. Ex-
amples include Phone (blue, circle), Drum (red, x-mark), Orchestra (black, plus), Piano
(green, star), and Siren (magenta, square).

6.4 User Studies

To further test the proposed system, we designed a user study with the following questions

in mind: Can inexperienced users with a music and audio background use the proposed

system to achieve a reasonable level of separation quality? How does this separation quality

compare to the quality achieved by experienced, expert users of the system? And what is
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the maximum achievable separation quality of the system?

6.4.1 Methodology

To answer these questions, we first studied how inexperienced users (with music and audio

backgrounds) performed on a variety of separation tasks using the proposed method. The

specifics of the study are described below and were approved through standard institutional

review board procedure.

Participants.

We recruited 10 participants from the local-users@ccrma.stanford.edu email listserv at the

Center for Computer Research in Music and Acoustics (CCRMA) at Stanford University

with the incentive of a $25 gift card. The participants had significant, but varying levels

of musical training, audio editing skills, and knowledge of spectrogram displays of sound,

but no past experience with our system. The level of formal musical training varied be-

tween 0-30 years and averaged approximately 12 years. The level of experience in music

production varied between 1-15 years and averaged approximately 4 years. And finally,

the level of experience with spectrogram displays ranged between 1
2
-10 years and averaged

approximately 4 years. In addition to the 10 participants, an expert user of our system (the

author of this thesis) was also tested for comparison. The expert user had 10 years of music

production and editing background and hundreds of hours of experience with/in working

and designing the system.

Training.

To train each participant, we presented him or her with a short, five-minute, introduc-

tory video. The video outlined the general functionality of the system and provided three

demonstrative examples. Following the video, a standardized description of what would

be required of the user was read aloud. After, we held a short, five-minute question-and-

answer session.
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Tasks.

Once the training was complete, five real-world separation tasks were given to each user.

Each of the five tasks required the user to separate a mixture recording of two sounds

into its respective sources over the course of ten minutes. At the end of each task, the

separation results were saved and stored for later analysis. At any time, a user was allowed

to ask questions on the functionality of the system (mechanics of buttons, sliders, etc.). The

mixture sounds used for each task were arranged in order of difficulty and included: (Task

1) a cell phone + speech, (Task 2) ambulance siren + speech, (Task 3) bass guitar + drums,

(Task 4) cough + orchestra, and (Task 5) vocals + guitar.

Debrief.

Once the five tasks were completed, each user was given a short background questionnaire

and debriefing survey. The debriefing survey was used to gauge the difficulty and satisfac-

tion level of each task on a scale of one to five and record users’ overall experience using

the system. Questions included: 1) Did you feel like your ability to separate sounds im-

proved over time? 2) What was the most difficult aspect of the system? 3) What was the

most fun aspect of the system? 4) Additional comments?

Scoring Success

To measure the separation quality achieved by our participants and compare the result to

those of an expert user, we use the standard BSS-EVAL metrics discussed above. To make

it easier to compare separation quality across different tasks, we then normalize these met-

rics for a given task by computing the separation quality from our oracle algorithm and

subtracting it off from the individual results. We do this because the SDR, SAR, and SIR

metrics do not natively provide an upper bound score for separation quality. In addition to

this empirical pseudo upper bound, we also test our baseline lower bound algorithm. Both

benchmarks help us get a better idea of how well our participants performed.
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6.4.2 Results

The results of the user studies are presented in two forms: using standard source separation

objective metrics, as described above, and via user responses from the debriefing surveys.

Objective Separation Quality

The computed SDR, SAR, and SIR results for each participant/task are shown in Fig. 6.3,

Fig. 6.4, and Fig. 6.5 respectively. The results for each participant, the participant average,

and the participant standard deviation, are reported alongside the results for the expert user,

ground truth method, and no-interaction baseline method.

Out of these three figures, the most notable is Fig. 6.3, which gives us an overall mea-

sure of separation quality. From this figure, we can view several interesting observations.

Firstly, as expected, the expert user outperformed nearly all inexperienced users in all tasks.

What is unexpected, however, is that in more than one instance, a select few inexperienced

users actually outperformed the expert. Given our additional evaluation regarding expert

user results discussed below, this is an exciting result.

Secondly, there are four tasks (1, 2, 3, and 4) in which one or more participants achieved

separation results within 5dB of the ideal result. While this benchmark is somewhat dif-

ficult to translate into perceptual quality, this type of performance is similar to, or only

slightly worse than, state-of-the-art separation quality reported in the community-based

signal separation evaluation campaign discussed below, albeit for easier tasks. And thirdly,

in four out of five tasks, the average inexperienced user outperformed the no-interaction

baseline by over 5dB and in two out of five cases, outperformed the baseline by nearly

15dB or more.

Similar phenomena are found in Fig. 6.4 and Fig. 6.5, and together give us an ini-

tial indication that inexperienced users can achieve good separation quality with minimal

instruction. It should also be noted that in Fig. 6.5, the SAR with no interaction is occasion-

ally better than user scores. This is because the results from the no-interaction are almost

identical to the input (no separation). If no separation happens, there will be minimal ar-

tifacts introduced by the algorithm. Of course, this means that, without interaction, the

system is not useful. The corresponding SIR scores reflect this fact and are proportionally
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low in those cases.

1 2 3 4 5
−35

−30

−25

−20

−15

−10

−5

0

5

1

2
3
4

5

6
7

8

910
1

2

3
4

5

6

7

8

9

10

1
2

3

4

5

6

7

8

9

10

1

2

3

4

5

67

8

9

10

1

2
3
4
5
6

7

8

910

SDR vs. Task

Task

N
or

m
al

iz
ed

 S
D

R
 (

dB
)

Student Version of MATLAB

Figure 6.3: Normalized SDR results. Inexperienced-user scores (black, dots/numbers),
inexperienced-user average scores (black, star), inexperienced-user one standard deviation
(black, line), expert-user scores (blue, x), ideal scores (red, plus), and no-interaction scores
(magenta, square) are shown for each task.
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Figure 6.4: Normalized SIR results. Inexperienced-user scores (black, dots/numbers),
inexperienced-user average scores (black, star), inexperienced-user one standard deviation
(black, line), expert-user scores (blue, x), ideal scores (red, plus), and no-interaction scores
(magenta, square) are shown for each task.
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Figure 6.5: Normalized SAR results. Inexperienced-user scores (black, dots/numbers),
inexperienced-user average scores (black, star), inexperienced-user one standard deviation
(black, line), expert-user scores (blue, x), ideal scores (red, plus), and no-interaction scores
(magenta, square) are shown for each task.

User Responses

In addition to the objective separation evaluation metrics discussed above, it is also inter-

esting to look at the results from the debriefing surveys. We first discuss the participant’s

rating of difficulty and satisfaction of each task in Fig. 6.6 and Fig. 6.7, and then address

the remaining follow-up questions.



CHAPTER 6. EVALUATION 114

In Fig. 6.6, we can see a steep increase in the perceived difficulty of each task over

the course of the entire experiment, as intended by design. When we correlate this to the

separation quality discussed above, it is interesting to see that while the perceived difficulty

of each task increases, the average SDR stays more or less the same. This indicates that the

average user was able improve his or her ability to separate sounds over the course of the

study, and coincides with the fact that all users self-reported that their ability to separate

sounds improved. Both observations further suggest that inexperienced users can learn to

use the system in a relatively short amount of time.

In Fig. 6.7, we can see the reported satisfaction regarding the separation quality of each

task. For the first two easier tasks, most users gave a satisfaction rating of 4/5. For the

more difficult tasks, user satisfaction decreased to a 3/5 level. This loosely suggests that

the user-reported difficulty rating is correlated to user satisfaction.

Regarding the most difficult aspects of the system, nearly all users commented on the

task of associating a sound to its visualization, as expected. Regarding the most fun aspects

of the system, participants commented “When it worked!,” “Interactively being able to

control the separation,” “This was not possible with the tools of the past!,” and “The real-

timeness of the software made everything fun and engaging.”

Regarding additional comments, participants stated “This would be a useful teaching

tool!,” “real great work, some insight on what is actually happening may be useful for

optimizing user activity,” “Include progress of rendering in each window,” and “This is

awesome.” In general, we found the users’ responses to be positive, encouraging further

study.
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Figure 6.6: Reported user difficulty (black, dots/number) for each of the five separation
tasks, alongside the average (black, star) and standard deviation rated difficulty (black,
line). Notice how the average difficulty rating increases for each task.
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Figure 6.7: Reported user satisfaction (black, dots/number) for each of the five separation
tasks, alongside the average (black, star) and standard deviation rated satisfaction (black,
line).

6.5 Signal Separation Evaluation Campaign 2013 Results

For a more complete and objective evaluation, we submitted separation results to two sep-

arate tasks of the fourth signal separation evaluation campaign (SiSEC) 2013. The tasks

include: professionally produced music recordings and two-channel mixtures of speech and

real-world background noise. In both cases, we used our algorithm without any training
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data (only user-interaction) and 50 basis vectors per source.

The task of separating professionally produced music recordings involved separating a

test set of nine pop/rock music recordings. Seven out of nine recordings are short 20-30

second snippets of music. Two out of seven recordings are full duration versions, which

are all simply longer versions of two short recordings (i.e., there is redundancy). Each

recording typically consists of two, three, or four sound sources including vocals, guitar,

bass, piano, and other. It was not required to submit results for all recordings or even all

sources within a recording, making algorithm comparison difficult in some cases.

In total, fifteen algorithms were submitted, along with one oracle algorithm (ideal bi-

nary mask). The algorithms included: Algorithm 1 [113], Algorithm 2 [114], Algorithm

3 [115], Algorithm 4 [116], Algorithm 5 [116] , Algorithm 6 [117], Algorithm 7 [118],

Algorithm 8 [33], Algorithm 9 [119], Algorithm 10 [120], Algorithm 11 [121, 122, 38],

Algorithm 12 [121, 122, 38], Algorithm 13 [58, 57], Algorithm 14 [123], Algorithm 15

[123], and Algorithm 16 (reference/ideal binary mask).

Because the full-length recordings were simply longer versions of the short duration

clips, we submitted separation results only for all sources of all shorter duration clips. This

results in 24 total subtasks for which we can compare our proposed approach to alternative

methods. When we do so, we find the following results.

• Overall results for songs submitted (excludes the two full-length clips).

– Best SDRi 16/24 times. Next closest algorithm got best SDRi 4/24 times.

– Highest average overall SDRi (2.6 dB above second best average)

– Best ISRi 11/24 times. Next closest algorithm got best ISRi 6/24 times.

– Highest average overall ISRi (2.7 dB above the second best average).

– Best SIRi 17/24 times. Next closest algorithm got best SIRi 2/24 times.

– Highest average overall SIRi (5.7 dB above the second best average).

– Best SARi 12/24 times. Next closest algorithm got best SIRi 8/24 times.

– Highest average overall SARi (2.3 dB above the second best average).

– Best OPSi 9/24 times. Next closest algorithm got best OPSi 5/24 times.
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– Highest average overall OPSi (4.0 above second best average).

• Vocal results for songs submitted (excludes the two full-length clips).

– Best Vocal SDRi 6/7 times.

– Best Vocal OPSi 6/7 times.

– Best average Vocal SDRi (1.8 dB above second best average).

– Best average Vocal SARi (1.8 dB above second best average).

– Best average Vocal SIRi (1.6 dB above second best average).

– Best average Vocal ISRi (1.9 dB above second best average).

– Best average Vocal OPSi (10.0 above second best average).

• Drum results for songs submitted (excludes the two full-length clips).

– Best Drum SDRi 2/5 times.

– Best Drum OPSi 1/5 times.

– Best average Drum SDRi (1.1 dB above second best average).

– Best average Drum ISRi (2.1 dB above second best average).

– Best average Drum SIRi (1.9 dB above second best average).

– Best average Drum SARi (2.2 dB above second best average).

• Bass results for songs submitted (excludes the two full-length clips).

– Best Bass SDR 2/5 times. Next closest algorithm got best Bass SDR 2/5 times.

– Best average Bass SDRi (1.0 dB above second best average).

– Best average Bass ISRi (4.1 dB above second best average).

– Best average Bass SIRi (2.6 dB above second best average).

– Best average Bass SARi (2.7 dB above second best average).

– Best average Bass APSi (7.2 above second best average)

• Piano results for songs submitted (excludes the two full-length clips).
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– Best Piano SDRi 1/2 times.

– Best Piano OPSi 1/2 times.

– Best average Piano SIRi (.3 dB above second best average).

– Best average Piano OPSi (.3 above second best average).

• Guitar results for songs submitted (excludes the two full-length clips).

– Best Guitar SDRi 1/1 times.

– Best average Guitar SDRi (.8 dB above the second best average).

– Best average Guitar SIRi (5.5 dB above the second best average).

• Other results for songs submitted (excludes the two full-length clips).

– Best Other SDRi 4/4 times.

– Best average Other SDRi (2.6 dB above second best average).

– Best average Other SIRi (5.1 dB above second best average).

Because of these results, it is our belief that our proposed approach can claim state-of-

the-art separation results for the task of professional produced music recordings. Note,

however, that because the SiSEC is an evaluation campaign, no winners are announced.

For the task of separating two-channel mixtures of speech and real-world background

noise, the final SiSEC results across algorithms were unfortunately difficult to compare.

This is because there were several different subtests and most algorithms only submitted

results to a small portion of the subtasks (ourselves included). As a result, we cannot

adequately give a thorough analysis of the results as we did for the professionally produced

music recordings tasks. To see all published results for the SiSEC 2013, please see [60].

6.6 Audio and Video Demonstrations

Finally, to demonstrate our proposed software system in action, we made an introductory

demonstration video and several sound examples. Sound examples include separation re-

sults for vocals + guitar, drums + bass, Neil Armstrong’s speech + background noise, piano
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chords + wrong note, orchestra + cough, phone ring + speech, and vocals + drums + bass

+ other.

We also produced several short “mini-remixes” and “mini-mashups” to show how the

proposed system can be useful for music production and remixing applications. To make

the remixes and mashups, we used our proposed method to perform vocal extraction on

several popular songs:

• “Last Kiss” by J. Frank Wilson and The Cavaliers

• “Paper Bag” by Fiona Apple

• “When I’m Gone” by Anna Kendrick

• “Gamble Everything For Love” by Ben Lee

• “Crazy Kids” by Ke$ha

• “I Want You Back” by The Jackson 5

• “Don’t Stop Believing” by Journey

• “Last Friday Night” by Katy Perry

• “Wildflowers” by Tom Petty

• “Respect” by Aretha Franklin.

We then remixed the separated vocals with different instrumental background music.

Nearly all the remixes/mashups were created by separating approximately eight mea-

sures of vocals from previously existing pop songs. The Jackson 5 sound example was

remixed with previously produced music (i.e., ‘Want U Back” by Cher Lloyd ). For all

other examples, we created new original background music using Apple’s Logic Pro soft-

ware package.

The main reason for choosing the specific vocal examples was personal interest. Also,

most of the chosen vocal clips have prominent vocals with standard pop song instrumenta-

tion. Having prominent vocals makes the extraction easier and typically results in higher-

quality separation. Overall, these results demonstrate high-quality, real-world use-cases of

the proposed method that were previously not possible with alternative methods.
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Conclusions

In this section, we give an overview of the benefits of our proposed interactive approach

to source separation in Section 7.1, talk about some of the problems with our approach in

Section 7.2, give ideas for future work in Section 7.3, and conclude with final remarks in

Section 7.4.

7.1 The Benefits of an Interactive Approach

When we analyze our proposed interactive approach to source separation, we see there are

several benefits. Firstly, when we compare our proposed approach to completely manual

approaches to separation (e.g., time-frequency selection and filtering), we note that we do

not require complete annotations to perform separation, thus reducing the effort required

by an end-user and improving performance.

Secondly, when we compare our method to completely automatic separation approaches,

we note that in general, interactive approaches will always equal or outperform their auto-

matic counterpart. This is because, for an interactive approach, a user can simply disable

the interaction if the performance is worse.

Thirdly, when we compare our method to past NMF/PLVM-based methods, we see

that our proposed approach does not required isolated training data to perform separation,

which is a common requirement. This makes our approach useful to a much wider array of

separation tasks compared to past approaches.

121



CHAPTER 7. CONCLUSIONS 122

Fourthly, we gain the ability to iterate and refine, which removes the burden placed on

the separation algorithm to be perfect the first time–a very strong assumption that is rarely

achieved by automatic methods. This places a portion of the responsibility to achieve

high-quality results back on the user. For the professional, who is the level of user we are

interested in, this is acceptable and in many cases advantageous.

Fifthly, when we compare our method to past NMF/PLVM-based methods and other

model-based methods, we see that our approach is more general and can work on a wider

array of mixture sounds. This is because we allow a user to define the concept of what a

source is (e.g., source = drums or source = drums + bass) simply by annotating the correct

regions of the mixture spectrogram, and do not have to pre-define individual models, which

is common for speech denoising and pitched-based separation.

Sixthly, our interactive feedback-loop helps users to both learn how to interpret spectro-

gram displays and understand how the separation algorithm reacts to their painting anno-

tations. Given that sound is a perceptual domain and our method of interaction is indirect

(i.e., painting on visualizations of sound), this is essential. In a sense, human users must

also learn and adjust their behavior alongside the separation algorithm to accomplish some-

thing neither could do independently.

Lastly, we are able to achieve state-of-the-art separation results as a result of fast, inter-

active user-feedback. One reason for this is that within our separation algorithm we allow a

user to constantly evaluate the separation quality. The user’s approval or disapproval is then

used to update our optimization objective, essentially indirectly incorporating a perceptual

model into our separation algorithm.

7.2 The Problems of an Interactive Approach

Given all the benefits of our proposed approach, there are also several significant draw-

backs. The single biggest drawback of our proposed approach is that it ultimately requires

a user. Without a user, we not only achieve zero separation, but we also have no idea what

we are trying to separate because there are no built-in assumptions of sound source.

Secondly, in addition to requiring a user, there is also a significant learning curve to our

software system. While our user study did show hope that novice users can use our method
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with minimal training, there is nonetheless a learning curve.

Thirdly, we note that even with expert user guidance, there are still no guarantees of

high-quality separation results. Mixture sounds such as densely orchestrated music or noisy

and/or compressed synthesizer music are just more difficult to separate than others.

Lastly, the overall computation time to perform a complete separation can be slow com-

pared to past works, even though a single complete iteration of our parameter estimation

algorithm is fast. This is because we allow users to iterate until satisfied. As a result, for

complicated mixture sounds, we found it was common to perform separation with our al-

gorithm hundreds or even thousands of times (in an interactive fashion) to achieve a final,

high-quality result.

7.3 Future Work

In this section, we outline several directions for future research, including extensions to the

proposed interaction paradigm, separation algorithm, and software system. Interesting ex-

tensions include: smart selection tools, multi-channel user interactions, a faster algorithm,

strategies on separating long duration recordings, data-driven annotations, alternative lin-

ear algebra-based or probabilistic models, and ideas on how to improve the evaluation of

separation algorithms.

7.3.1 Smart Selection Tools

One of the most requested and suggested extensions to the proposed approach is to add

smart selection capabilities to complement our NMF/PLVM learning algorithm. The most

useful and immediately obvious smart selection tools include a sinusoid selection tool,

harmonic selection tool, and a transient selection tool. For a sinusoidal and harmonic tool,

for example, we could allow a user to easily click on a small portion of a sinusoidal peak

track and automatically select the entire peak track segment, along with any harmonics.

Such an extension could easily be incorporated into our approach in a very decou-

pled manner by performing a separate sinusoidal modeling analysis and then rendering any
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selected peak track segments into our user-guided annotations matrices. For a transient se-

lection tool, a similar sinusoidal analysis could be used to detect noise and transient regions

within a recording. In both cases, this would greatly increase the speed and efficiency of

the user-interaction and could significantly improve separation quality by minimizing user

fatigue.

7.3.2 Faster Algorithm

The second most obvious and useful extension would be to make our separation algorithm

faster. This could be done both at an implementation level and an algorithm level. At an

implementation level, graphics processing units (GPUs) could be used to drastically speed

up our current algorithm. The work of Battenberg and Wessel, for example, shows that

custom GPU implementations of related NMF algorithms can achieve speedups of over

30x.

At an algorithm level, it could be possible to develop a faster EM algorithm using an

alternative iterative update algorithm that only uses salient data points for computing partial

updates [124]. Also, entirely new parameter estimation algorithms could be explored, such

as the method of moments for latent variable models developed by Hsu, Anandkumar, and

many others [125, 126, 127]. In this case, we would replace our EM algorithm with a

method of moments algorithm.

7.3.3 Separation of Long Duration Recordings

The third most obvious and desirable extension would be to reduce the long annotation

and computation time required for long duration recordings. This type of extension could

include user-interface modifications and/or algorithmic modifications. In terms of user-

interface modifications, an additional display screen could be used to allow a user to select

a short duration audio clip from within a longer recording. The user could then switch to

the normal Multi Paint View display, perform the interaction as needed, and separate only

that short section. Once completed with separating the subregion, the user could adjust

which subregion to separate, and proceed to separate the entire long duration recording.

In terms of algorithmic modifications, multiple NMF/PLVMs dictionaries (collection
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of basis vectors) could be used to model each short subregion of a long duration recording.

The individual models could then be combined in an intelligent way that jointly models

the full length recording. This type of modification could be done in conjunction with the

above-mentioned user-interface modification.

7.3.4 Data-Driven and Automatic Annotations

Another interesting extension is to try to eliminate or at least reduce user-interaction by

automatically computing the required annotations from data via a side-chain analysis algo-

rithm. The annotations could be computed from a query audio signal (e.g., itself provided

by a user or otherwise), by spatial information encoded in a multichannel recording, by

encoding auditory grouping principals, or some other type of information. We could even

attempt to train a learning algorithm from past user-annotations to predict future annota-

tions akin to the work of Lefèvre et al. [32].

In this way, we could keep our exact separation algorithm, but just replace the user.

Alternatively, we could use a separate analysis algorithm to take a first pass on the anno-

tations, and then let a user refine the outputs as before. This idea is similar to the smart

selection idea discussed above.

7.3.5 Alternative Models

We could replace our relatively simple PLVM with a more intricate and detailed probabilis-

tic model. Interesting alternative models include convolutive models [128], models with

temporal dynamics [21, 93, 129], models that incorporate spatial information, and mod-

els that incorporate further assumptions such as harmonic-based separation algorithms. As

long as there is a way to map the user-annotations to some form of regularization param-

eter or other type of constraint, user interaction should be able to help improve separation

quality.
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7.3.6 Multi-Channel User-Interactions

A completely unexplored area of future research is that of multi-channel user-interaction

paradigms for source separation. In this case, a user could be employed to annotate some

form of spatial cues or activations, in conjunction with our time-frequency annotations or

not, and then all annotations could collectively be incorporated into a single separation

algorithm. This would be especially useful if an alternative model was used, which used

spatial information to perform separation jointly from multiple-channel recordings. If this

was the case, even having a user simply annotate a static source panning position could

greatly improve results.

7.3.7 Separation Evaluation by Interactive Ranking

Finally, one exciting extension of this work is to leverage it for evaluation purposes. As

known, it is incredibly difficult to evaluate the quality of separation algorithms without

user tests, given the perceptual nature of the problem domain. As a result, most people use

automatic object evaluation measures or pseudo-subjective scores, such as the BSS-EVAL

metrics or the PEASS scores. These metrics, however, are not perfect by any means and

motivate alternative evaluation methods.

One approach to performing evaluation by leveraging this work could be as follows: use

the developed software to perform separation on a large collection of mixture sounds. For

each individual mixture separation, save the “path” of intermediate separation results. Then

assume that the separation quality approximately improves between each intermediate out-

put (i.e., the user verifies the results are getting better), so that you have a collection of

separation results in order of low-quality to high-quality for each example mixture sound.

Use these ranked recordings to learn an evaluation metric that correctly predicts the rank

of the intermediate separation results for a large collection of sounds.

7.4 Final Remarks

We have presented a new interaction paradigm and separation algorithm for single-channel

source separation. In addition, we presented an open-source, freely available, cross-platform
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audio editing tool that embodies our method as well as evaluation showing the method

can achieve state-of-the-art separation quality. The proposed method works by allowing a

user to provide feedback into the separation process by painting on spectrogram displays

of both the input and output sounds of the separation process. The painting annotations

are then used to inform an NMF/PLVM-based separation system and iteratively improve

separation quality. Evaluation and demonstrations were presented for a wide variety of

sounds, showing promise that the proposed approach can be useful for a wide variety

of real-world audio and music editing scenarios. Collectively, we hope that this demon-

strates the usefulness of incorporating HCI ideas into machine learning and signal process-

ing problems such as source separation, where the use of user-feedback can be extremely

beneficial. To download the application, code, and audio/video demonstrations, please see

http://ccrma.stanford.edu/˜njb/thesis.

http://ccrma.stanford.edu/~njb/thesis
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Appendix A

Notation and Terminology
A.1 Variables, Symbols, and Operations

≈ approximately equal to

:= defined to be

≡ equivalent to

∝ proportional to

∞ infinity

≥ element-wise greater than or equal to for scalars, vectors, and matrices

≤ element-wise less than or equal to for scalars, vectors, and matrices

> element-wise greater than for scalars, vectors, and matrices

< element-wise less than for scalars, vectors, and matrices

� element-wise matrix or vector multiplication

x← y in an algorithm: assign variable x to the new value y

arg max
x

f(x) the value of x that leads to the maximum value of f(x)

arg min
x

f(x) the value of x that leads to the minimum value of f(x)

ln(x) natural logarithm, base e

log10(x) logarithm, base 10

f(x; θ) a function of x that is parametrized by θ∑n
i=1 ai the sum of values indexed from i = 1 to n∏n
i=1 ai the product of values indexed from i = 1 to n

f+(x) the positive part of a function f+(x) = max(f(x), 0)

f−(x) the positive part of a function f−(x) = −min(f(x), 0)
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A.2 Vectors and Matrices
RN×1 N-dimensional Euclidean space

RN×1
+ all non-negative reals in N-dimensional Euclidean space

∆n an n-simplex or {(t0, . . . , tn) ∈ Rn+1|∑n
i=0 ti = 1, ti ≥ 0∀i}

x,Y, . . . boldface is used for (column) vectors and matrices

I square identity matrix, 1’s on the diagonal, 0’s elsewhere

1 column vector of all ones

0 column vector of all zeros

xT matrix transpose of the vector x

∇ =


d
dx1
...
d

dxN

 gradient operator in RN×1

x ∈ R real-valued scalar

x ∈ RN×1 real-valued vectors with N elements. By convention all vectors are

columns vectors. To denote a row vector, we write xT

X ∈ RM×N a real-valued matrices with M rows and N columns

xi ith element of a vector x =


x1
...

xN


xi ith column vector of a matrix X =

x1 ... xN


xT
j jth row vector of a matrix X =


xT
1
...

xT
M


Xij the element at ith row and jth column of a matrix

X =


X11 X12 . . . X1N

X21 X22 . . . X2N

...
... · · · ...

XM1 XM2 . . . XMN


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A.3 Sets
A,B, C, . . . ,D calligraphic fonts denote sets or lists

x ∈ D the vector x is an element of the set D
A ∪ B union of two sets A and B
C ∩ D intersection of two sets C and D
|A| cardinality or number of elements in the set A

A.4 Probability and Random Variables

Ω sample space or the set of all outcomes of a random experiment

F set of events, event space, or the set whose elements are subsets of Ω

X(w) or X a random variable or a function X : Ω→ R

x an outcome value of the random variable X∑
x sum over all possible values that X can take

X a set of random variables

Xi or Xi ith random variable in the set of random variables X

x an outcome value for a set of random variables X

p(·) probability distribution or function P : F → R that assigns

probabilities to events and follows the axioms of probability

p(X = x) the probability of the set of outcomes for which the random variable

X takes on the value x or P ({w : X(w) = x})
p(x) shorthand for P (X = x) or equivalently P ({w : X(w) = x})
pX(x) or p(x) probability mass function (PMF), where pX(x) : Ω→ R

p(x, y) joint probability between the random variable outcomes x and y

p(x|θ) conditional probability of the outcome value x given θ

V al(X) set of values that the random variable X can take

|V al(X)| number of elements in V al(X)

xi ith outcome value of the random variable X
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A.5 Probability Distributions

The Multinomial(N,π) distribution is defined by the probability mass function

p(x1, x2, . . . , xk;n,π) =

{
n!

x1!x2!...xk!
πx11 π

x2
2 . . . πxkk

∑k
i=1 xi = n

0 otherwise
(A.1)

where n is the total number of trials of a random experiment with k possible outcomes,

x1, x2, . . . , xk are non-negative integers that represent the number of outcomes for each

of the k categories, and π = (π1, π2, · · · , πk) denotes the probability of each of the k

outcomes, where π1, π2, · · · , πk ≥ 0 and
∑k

i=1 πi = 1. A random variable X that is

distributed according to a multinomial distribution is denoted X ∼Multinomial(n,π).

The Poisson(µ) distribution is defined by the probability mass function

p(k;µ) = µke−µ

k!
(A.2)

where e is the base of the natural logarithm, k = 1, 2, 3, · · · is a non-negative integer

representing the number of occurrences of a random variable, and µ > 0 is the mean of the

distribution. A random variable X that is distributed according to a Poisson distribution is

denoted X ∼ Poisson(µ).
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A.6 Acronyms

APS Artifact-related Perceptual Score

COLA Constant Overlap-add

DTFT Discrete-time Fourier Transform

DFT Discrete Fourier Transform

EM Expectation-Maximization

FFT Fast Fourier Transform

GPU Graphics Processing Unit

HCI Human-Computer Interaction

IID Independently Identically Distributed

IML Interactive Machine Learning

IPS Interference-related Perceptual Score

ISR Image-to-Spatial Distortion Ratio

ISSE Interactive Source Separation Editor

IS Itakura-Saito

ISTFT Inverse Short-Time Fourier transform

JUCE Jules’ Utility Class Extensions

KL Kullback-Leibler

ML Maximum Likelihood

MM Majorize-Minimization or Minorize-Maimization

NLP Natural Language Processing

NMF Non-Negative Matrix Factorization

OLA Overlapp-Add

OPS Overall Perceptual Score

PLCA Probabilistic Latent Component Analysis

PLSA Probabilistic Latent Semantic Analysis

PLSI Probabilistic Latent Semantic Indexing

PLVM Probabilistic Latent Variable Model

PR Posterior Regularization
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SAR Source-to-Artifact Ratio

SDR Source-to-Distortion Ratio

SiSEC Signal Separation Evaluation Campaign

SIR Source-to-Interference Ratio

STFT Short-Time Fourier transform

TPS Target-related Perceptual Score

WOLA Weighted Overlapp-Add



Appendix B

Relationship Between Poisson and
Multinomial Distributions

In this appendix, we follow the proof of Steel [95] and show that

p(X1, X2, . . . , Xk|Y = n) = Multinomial(n,π) (B.1)

where X1, X2, . . . Xk independently identically distributed Poisson random variables

X1 ∼ Poisson(µ1)

X2 ∼ Poisson(µ2)
... (B.2)

Xk ∼ Poisson(µk)

with means µ1, µ2, . . . , µk, π = (µ1
µ
, µ2
µ
, . . . µk

µ
), and µ = µ1 + µ2 + . . . µk.

136
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Proof

Consider the joint distribution of the k independent Poisson random variables

p(X1 = x1, X2 = x1, . . . , Xk = xk) =
µx11 e

−µ1

x1!
· µ

x2
2 e
−µ2

x2!
· . . . · µ

xk
1 e
−µk

xk!

=
k∏
i=1

e−µiµxii
xi!

= e−
∑k
i=1 µi

k∏
i=1

µxii
xi!

(B.3)

Then consider a new random variable Y =
∑k

i Xi. The probability that Y takes on the

value n is,

p(Y = n) = p(
k∑
i

Xi = n)

=
∑

x1+x2+...+xk=n

p(X1 = x1, X2 = x2, . . . , Xk = xk)

=
∑

x1+x2+...+xk=n

p(X1 = x1)p(X2 = x2) . . . p(Xk = xk)

=
∑

x1+x2+...+xk=n

e−µ1µx11
x1!

· e
−µ2µx22
x2!

· . . . · e
−µkµxkk
xk!

= e−
∑k
i=1 µi

∑
x1+x2+...+xk=n

∏k
j=1 µ

xj
j∏k

i=1 xi!

= e−
∑k
i=1 µi

(
∑k

i=1 µi)
n

n!

= e−µ
µn

n!
, (B.4)

where µ =
∑k

i µi and the second to last step leverages the multinomial theorem

(µ1 + µ2 + . . .+ µk)
n =

∑
x1+x2+...+xk=n

n!
∏k

j=1 µ
xj
i∏k

i=1 xi!
. (B.5)



APPENDIX B. RELATION BETWEEN POISSON AND MULTINOMIAL DISTRIBUTIONS138

This implies Y ∼ Poisson(
∑k

i=1 µi) or the sum of independent Poisson random variables

is itself a Poisson distributed random variable.

Knowing this, we can then compute the conditional distribution ofX1, X2, . . . Xk given

Y = n knowing
∑

i xi = n

p(X1 = x1, X2 = x2, . . . , Xk = xk|Y = n) =

=
p(Y = n|X1 = x1, X2 = x2, . . . , Xk = xk)p(X1 = x1, X2 = x2, . . . , Xk = xk)

p(Y = n)

=
1 · p(X1 = x1, X2 = x2, . . . , Xk = xk)

p(Y = n)

= (
k∏
i=1

e−µiµxii
xi!

)/(e−µ
µn

n!
)

=
n!∏k
i=1 xi!

µn
k∏
i=1

µxii

=
n!∏k
i=1 xi!

µ
∑
xi

k∏
i=1

µxii

=
n!∏k
i=1 xi!

k∏
i=1

(
µi
µ

)xi ,

The final result is in the form of a multinomial distribution with parameters n and π =

(µ1
µ
, µ2
µ
, . . . µk

µ
), where µ = µ1 + µ2 + . . . µk as desired.
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